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Introduction
Gauge symmetry is ubiquitous in physics and is one of the key ingredients
underlying the dynamics of elementary particles. The Standard Model, the
theory which unifies the present-day particle physics is described by a la-
grangian invariant under SU(3)×SU(2)×U(1) local transformations, where
SU(2)×U(1) is the gauge group associated to electroweak forces and SU(3)
is the gauge group associated to strong interactions (the color group)
From a theoretical point of view, the model for strong interactions (QCD)
remains very challenging, despite the fact that it has been formulated al-
most fourty years ago. One of the most remarkable properties of the model
is asymptotic freedom: the theory is weakly coupled at very high energy,
making it tractable with standard perturbative techniques in that regime,
whereas it becomes strongly interacting at low energies. Since there is no
general technique that allows to approach a strongly coupled field theory, it
has so far been impossible to follow analytically the flow from high to low
energies (RG flow) and understand in a precise way the properties of the
theory in the strongly coupled regime.
Both from an experimental and theoretical (and numerical) point of view,
there are strong indications that QCD in the infrared limit is characterized
by confinement and chiral symmetry breaking and that these two phenomena
are deeply related, being originated by the same mechanism.
Confinement means that the elementary fields in QCD charged under the
color group (the quarks) tend to form bound states at low energies since their
mutual interaction becomes stronger and stronger and these bound states
(hadrons) become the effective dynamical variables in the infrared. Chiral
invariance refers instead to the symmetry that QCD acquires in the limit
of massless quarks. This is a very reasonable approximation as long as just
the two lightest quarks are considered. Furthermore, observations suggest
that this approximate symmetry of nature is spontaneously broken by a non
vanishing condensate 〈ψ¯ψ〉 6= 0. Neither of these properties can be explained
in the framework of standard perturbation theory and thus must be related
to some still unknown nonperturbative effect. Understanding precisely the
infrared dynamics of QCD is thus one of the most challenging open problems
in field theory.
Due to the complexity of the theory of strong interactions it is important
1
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to approach the problem starting from simpler models that can help under-
standing the main features and the mechanism underlying confinement and
symmetry breaking. In this respect supersymmetric non-abelian gauge the-
ories play a leading role and have been for decades a source of ideas for the
exploration of the strongly-coupled gauge dynamics.
There is a distinguished subclass of supersymmetric gauge theories, namely
those with extended supersymmetry (N = 2 theories) in which it is almost
always possible to find a dual weakly coupled description (electric-magnetic
duality), allowing thus to determine the structure of the low energy effective
action and consequently the infrared dynamics of the theory (Seiberg-Witten
solution) [1, 2]. One of the most remarkable byproducts of this construction
is the presence of massless monopoles and dyons which are best described
as solitons in the original description of the theory (the description used to
analyze the theory in the UV). The theory in the infrared can be essentially
understood in terms of these distinguished particles.
The above mentioned models are just distant relatives of QCD and many
key properties are different; for instance N = 2 theories are not confining, as
opposed to QCD. Nevertheless, just breaking softly extended supersymmetry
toN = 1, one can still use many of the properties derived for the undeformed
theory but at the same time flows to a model in which confinement is ex-
pected. The outcome is that the massless particles of the N = 2 theory
condense, leading to confinement via the ’t Hooft-Mandelstam mechanism
[3]-[6]: as the condensation of electrically charged particles in a superconduc-
tor confines magnetically charged objects [7], the condensation of magnetic
monopoles in these theories form a sort of dual superconductor in which
electrically charged particles are confined. Furthermore, when quark fields
are introduced in the theory these massless particles acquire flavor charges
via the Jackiw-Rebbi effect [8]-[11], thus explaining what is the relation (at
least for this class of theories) between confinement and chiral symmetry
breaking.
We can see from the above discussion that the study of supersymmetric
models is extremely helpful in addressing problems essentially related to the
details of the dynamics since we have no tools to address them directly in
QCD, where all the constraints coming from supersymmetry are not avail-
able. The idea is thus to learn as much as possible about strong dynamics in
the supersymmetric case and then to figure out how analogous mechanisms
can be at work in the QCD case [12, 13] (see also [14]-[19]).
Let us discuss now the picture that has emerged so far from the study of
supersymmetric theories (we will discuss mainly the SU(N) case) with softly
broken N = 2 supersymmetry. In the pure gauge case (in the absence of
quarks) it has been shown that the theory dynamically abelianizes: despite
the lagrangian is invariant under a non-abelian group, the effective theory
in the infrared is invariant just under its maximal abelian subgroup due to
quantum corrections [20] (see also [21]). The study of these vacua is by now
2
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standard since a weakly coupled description can always be found making use
of electric-magnetic duality, which is well understood in the abelian case.
More interesting is the situation in the theory with flavors, where vacua
which do not abelianize in the infrared indeed exist [22, 23]. Also in this
case confinement is realized via the ’t Hooft-Mandelstam mechanism, but
this time it is less clear how the electric-magnetic duality works: in the
abelian case it just amounts to a change of variables in the path integral
whereas in the non-abelian case this procedure cannot be carried out.
The most established examples of such a duality are Seiberg duality in
N = 1 SQCD [24] and its analogue for the models we have been discussing
so far, called Kutasov duality [25]. In both cases the duality requires the
introduction of a new set of dynamical variables, which include magnetic
variables of a non-abelian kind, and involves a change in the gauge group.
The validity of these dualities is still a conjecture but they have anyway
remarkably passed numerous checks and led to many significant results (see
e.g. [26]-[32] and [33] for a review).
Many aspects of these theories are still unclear and deserve further in-
vestigations, especially due to the fact that the observed degeneracies in the
hadron spectrum suggest that the right answer for QCD is not abelianiza-
tion (see e.g. [34]-[36] and references therein). Motivated by these consid-
erations, in this thesis we try to better understand the properties of softly
broken N = 2 SQCD and the possible mechanisms leading to confinement
and chiral symmetry breaking.
This thesis is based on [37]-[41] and is organized as follows: the first two
chapters contain some review material which is used in the main body of
the thesis (part of chapter 1 appears also in [39]). Chapter 1 contains some
basic material, including a brief review of supersymmetry representations
and supersymmetric field theories in four dimensions, which is the case of
interest for us. We then analyze in some detail the properties of N = 2
theories and describe the original argument given by Seiberg and Witten
in [1] for the determination of the infrared effective action for SU(2) SYM.
Chapter 2 collects more recent and advanced results about N = 2 theories
which are relevant for the present work. We discuss in particular the brane
realization of these models in type IIA/M-theory and the more recent six-
dimensional construction. Chapters 3-5 are based on my original work and
summarize my results. Every chapter contains an introductory section in
which I explain in detail the setup.
Chapter 3 is based on [37, 39] and is devoted to the study ofN = 2 SQCD,
softly broken by a mass term for the chiral field in the adjoint representation
of the gauge group. The basic techniques that have been used in earlier works
on the subject are essentially the classical analysis using the equations of
motion and the nonperturbative one using Seiberg-Witten theory. Looking
at the details of the theory, it turns out that the first approach is reliable just
for very large masses of the flavors whereas the second, altough in principle
3
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always applicable, can be used just in the small mass limit, due to technical
complications that make the method almost intractable in the general case.
We approach this problem using the generalized Konishi anomaly and
the Dijkgraaf-Vafa superpotential. This method has been applied to similar
models and some of our results are very similar. Anyway, what has not
been emphasized in previous works is that this technique allows to extract
more information than other methods about the generic mass case, making it
possible to follow the vacua from weak to strong coupling. As a Byproduct,
we are able to shed new light on the relation between semiclassical and
quantum vacua, which involves an infrared duality very close to Seiberg
duality in N = 1 SQCD [42].
Another interesting result is that for a particular value of the mass some
of the vacua merge in a superconformal point, signalling the transition be-
tween Higgs and confining phase. Understanding the low energy dynamics
at this point is a nontrivial task, since the theory is strongly interacting and
the Seiberg-Witten curve becomes singular, making it difficult to extract any
precise information. A very similar class of singular points has been consid-
ered from a different perspective in [43]. The content of this chapter can be
seen as a preliminary work that allows to understand the following steps of
my analysis. From this work one can extract a number of nontrivial results
such as the pattern of dynamical flavor symmetry breaking.
Chapter 4 is based on [38] which is devoted to the analysis of singular
points (where the Seiberg-Witten curve degenerates) in the moduli space of
N = 2 SQCD, with particular attention to the points which are not lifted by
the N = 1 perturbation and are thus relevant for the study of confinement
in these models. As I mentioned before, it is difficult to understand the
infrared dynamics in these cases, since the SW curve does not lead directly
to a weakly coupled action and the theory is often intrinsically interacting.
In order to shed new light on this problem it is necessary to make use of the
most recent results on N = 2 superconformal theories [44, 45].
For our purposes it is particularly important the analysis performed in
[46], in which the authors argued that the low-energy physics at the above
mentioned singular points in SU(N) SQCD involves two (possibly free) su-
perconformal sectors. In [38] I essentially generalized to SO and USp SQCD
this analysis, recovering an analogous structure. As we will see, it turns
out that this observation is fundamental in order to get new insight about
the mechanism underlying confinement in SO and USp theories, in which
typically the relevant points in the moduli space are singular.
The second part of the chapter contains a revised version of my contri-
bution to [41] and is devoted to explain how it is possible to make use of
the results presented in [47], in which the authors define a broad class of
N = 2 SCFTs exploiting their type IIB superstring realization, to derive
information about the BPS spectrum of IR fixed points in N = 2 SQCD.
This is done by carefully matching the SW curves associated to the theo-
4
Contents
ries constructed in the above mentioned paper. In the last section I discuss
the properties of some of the infrared fixed points in quiver gauge theories,
always exploiting the construction presented in [41].
In chapter 5 we come to our final payoff: the results of chapter 4 allow us
to explicitly study the mechanism underlying confinement in USp and SO
theories (in some cases), where the standard ’t Hooft-Mandelstam mecha-
nism does not seem to work. Indeed we will see that, although confinement
is realized as expected by the condensation of magnetically charged objects,
the details of the confining mechanism are rather unusual, making it possible
to reproduce all the semiclassical expectations which might seem quite hard
to combine at first looking [34].
This can be also important for the study of confinement in the context of
QCD, where the assumption that the underlying mechanism is given by the ’t
Hooft-Mandelstam scenario is known to lead to various difficulties (doubling
of the meson spectrum, excess in the number of Goldstone bosons...) [36].
This chapter is based on [39, 40] and is devoted to the study of the low-
energy dynamics at singular points in USp(2N) and SU(N) SQCD with
four flavors, SO(2N) SQCD with two flavors and SO(2N + 1) SQCD with
one flavor.
We are still not able to approach the general case and the restriction
on the number of flavors comes from the fact that in these special cases
we are able, exploiting the analysis performed in chapter 4, either to iden-
tify a weakly coupled dual description or to find a description in terms of a
strongly interacting theory that we know well enough to extract the infor-
mation we are interested in (such as chiral condensates). In all the cases our
results are perfectly consistent with the semiclassical results obtained using
the techniques presented in chapter 3 (pattern of dynamical flavor symmetry
breaking, number of vacua...).
At the initial stage of my PhD I also tried to apply the ideas emerging
from supersymmetric gauge theories to nonsupersymmetric Yang-Mills the-
ory; in particular I focused on the Faddeev-Niemi decomposition [48]. In
this paper the authors claim that SU(2) Yang-Mills theory is on-shell equiv-
alent to an abelian theory with a unit three vector and a complex scalar as
matter fields. This reformulation aims at rewriting the theory in terms of
a set of variables suited to investigate the scenario of dynamical abelianiza-
tion in Yang-Mills theory, as is the case in supersymmetric theories, and has
received much attention in the past years especially for lattice simulations.
However, this reformulation does not allow to recover the non abelian
Gauss’ constraints of the original theory. At a closer inspection I found out
in collaboration with Jarah Evslin that their claim is actually wrong and
some solutions of the Faddeev-Niemi equations do not solve the above men-
tioned constraints and thus are not solutions of Yang-Mills equations [49].
I then formulated in collaboration with Jarah Evslin, Kenichi Konishi and
Alberto Michelini a similar decomposition for SU(3), suited for investigation
5
Contents
of the non-abelian scenario (we rewrite the theory in terms of SU(2)×U(1)
variables) [50].
In order to avoid the problems we found in the original proposal by
Faddeev and Niemi, we constructed a decomposition such that only a par-
tial gauge fixing is implied, without affecting the Gauss’ constraints. Our
parametrization includes all the solutions of Yang-Mills equations of physical
interest such as monopoles, Witten’s generalized instantons [51] and merons.
Furthermore, since only a partial gauge fixing is implied, our formula can be
used to perform path integral computations. Finally, we reproduce the no-go
theorem on non-Abelian monopoles (the so-called topological obstruction) in
the pure Yang-Mills theory [52]-[55]. Also, we show that the knot-solitons
discussed by Faddeev and Niemi in [56, 57] do not exist if the system does not
dynamically Abelianize. These topics have not been included in the present
thesis.
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Chapter 1
Supersymmetric field theories
and the Seiberg-Witten
solution
In this chapter we briefly review the basic concepts of supersymmetric field
theories and the Seiberg-Witten solution of N = 2 gauge theories. This
is not a comprehensive review of supersymmetry and for further details the
reader is referred to the many good reviews available in the literature. Those
which are closer to my selection of topics are [58, 59]. In the first two
sections we introduce the supersymmetry algebra and describe how to build
supersymmetric lagrangians. Most of the material is taken from [60, 61].
This is the starting point for the analysis performed by Seiberg and Witten
in [1] which is the central topic of section three. In section four we review
how the Seiberg-Witten solution allows to shed light on confinement and
summarize the available results in the literature on this topic. Since this is
the central theme of the present work, the material in this section represents
the starting point for our analysis.
1.1 Supersymmetric theories in four dimensions
1.1.1 Notation and conventions
We will make use of the notation adopted in [61]. Our convention for the
Minkowsky metric is ηµν = diag(1,−1,−1,−1) and we will indicate left and
right spinors with dotted and undotted indices respectively. In order to raise
and lower indices we will use the antisymmetric tensor ε,
εαβ = εα˙β˙ =
(
0 1
−1 0
)
= ıσ2.
Let us now define
(σµ)αα˙ ≡ (1, ~σ),
7
1 Supersymmetric field theories and the Seiberg-Witten solution
(σ¯µ)α˙α = −(σµ)αα˙ = εα˙β˙εαβ(σµ)ββ˙ = (1,−~σ).
With these conventions, Lorentz transformations are generated by
(σµν)βα =
1
4
[
σµ
αβ˙
σ¯νβ˙β − (µ↔ ν)
]
,
(σ¯µν)α˙
β˙
=
1
4
[
σ¯µα˙βσν
ββ˙
− (µ↔ ν)
]
.
For the product of spinors we will use the following conventions:
ψχ = ψαχα = −ψαχα = χαψα = χψ,
ψ¯χ¯ = ψ¯α˙χ¯
α˙ = χ¯ψ¯,
(ψχ)† = χ¯α˙ψ¯α˙ = χ¯ψ¯ = ψ¯χ¯.
In this notation γ matrices, Dirac and Majorana spinors can be written as
follows:
γµ =
(
0 σµ
σ¯µ
)
, ψD =
(
ψα
χ¯α˙
)
, ψM =
(
ψα
ψ¯α˙
)
.
The following identities hold:
χσµσ¯νψ = ψσν σ¯µχ, (χσµσ¯νψ)† = ψ¯σ¯νσµχ¯,
χσµψ¯ = −ψ¯σ¯µχ, (χσµψ¯)† = ψσµχ¯,
1.1.2 Supersymmetry algebra
The SUSY algebra can be written as follows [62]:
{QAα , Q¯β˙B} = 2σµαβ˙Pµδ
A
B,
{QAα , QBβ } = 2
√
2εαβZ
AB,
{Q¯α˙A, Q¯β˙B} = 2
√
2εα˙β˙Z
∗
AB.
(1.1)
Q and Q¯ are the generators of supersymmetry transformations (supercharges)
and transform as operators of spin 1/2 under the Lorentz group. Indices A
and B run from 1 to N, where N is the number of supersymmetries. The
supersymmetry charges commute with P 2, so all the states in a given repre-
sentation of the SUSY algebra have the same mass. The operators Z e Z∗,
antisymmetric in the A,B indices, are called central charges. Clearly they
can be nonzero only if we have at least two supersymmetries. Their presence
will be relevant below, when we will discuss theories with eight supercharges.
A field theory will be supersymmetric if the set of its states fall in represen-
tations of the algebra (1.1). We will now briefly review the properties of the
SUSY algebra representations, specializing to the four-dimensional case.
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Massive irreducible representations
Let us discuss first the case without central charges. In the massive case we
can go to the rest frame, in which Pµ = (M, 0, 0, 0) and define
aAα = Q
A
α/
√
2M, (aAα )
† = Q¯α˙A/
√
2M.
The SUSY algebra then becomes
{aA1 , (aB1 )†} = δAB, {aA2 , (aB2 )†} = δAB,
The vacuum |Ω〉 is defined by the relation aAα |Ω〉 = 0 and the representation
can be constructed applying the operators (aAα )† to the vacuum. If |Ω〉 has
spin zero, it is easy to see that we can construct
(
2N
m
)
distinct states applying
m raising operators. The representation thus has dimension
2N∑
m=0
(
2N
m
)
= 22N .
and the maximum spin in the multiplet is N/2. For example, an N = 1
multiplet describes 22 = 4 states,
|Ω〉, a†α|Ω〉,
1√
2
εαβa†αa
†
β|Ω〉.
The spin content is (0)⊕(1/2)⊕(0). If the vacuum |Ωs〉 has instead spin s the
representation will include (2s+1)22N states. For instance, in theN = 1 case
the SUSY multiplet includes particles with spin (s)⊕(s+1/2)⊕(s−1/2)⊕(s).
In any case the number of bosonic and fermionic degrees of freedom is the
same.
Massless irreducible representations
In the massless case we can go to a reference frame in which Pµ = E(1, 0, 0, 1)
and reduce the SUSY algebra to:
{QAα , Q¯ ˙αB} =
(
0 0
0 4E
)
δAB.
Since the anticommutator of QAα and Q¯α˙A is a positive operator, from the
relation {QA1 , Q¯1˙B} = 0 we can conclude that both QA1 and Q¯1˙A annihilate all
physical states. The algebra thus contains only N nontrivial supercharges.
We can now define as before the raising and lowering operators
aA =
1
2
√
M
QA2 , (a
A)† =
1
2
√
M
Q¯A
2˙
.
9
1 Supersymmetric field theories and the Seiberg-Witten solution
The SUSY algebra can thus be rewritten in the form:
{aA, (aB)†} = δAB, {aA, aB} = 0, {(aA)†, (aB)†} = 0.
This is a Clifford algebra with 2N generators and the representation will
have dimension 2N . The operators aA increase the helicity of massless states
by 1/2 whereas the operators (aA)† decrease it by the same quantity. We
define as before the vacuum as the state |Ω〉 annihilated by all the operators
aA. We are free to assume that it is an eigenstate of Jz. The other states
in the multiplet are generated applying the operators (aA)† to |Ω〉. In this
way we can build
(
N
m
)
states applying m lowering operators, all with helicity
Jz|Ω〉 −m/2. Notice that the representations obtained in this way are not
necessarily CPT invariant so, if we want to build a physical theory we must
add the CPT conjugate states.
Indicating with λ the helicity of the vacuum, let us notice that for N = 1
a massless representation contains a Majorana spinor and a complex scalar if
λ = 1/2; if λ = 1 we get a Majorana spinor and a massless vector. For N = 2
and λ = 1/2 the multiplet includes two Majorana spinors and two complex
scalars, i.e. two copies of the corresponding N = 1 multiplet. If λ = 1 we
get a massless vector, two majorana spinors and a complex scalar, which is
the content of the N = 1 multiplets with λ = 1 and λ = 1/2. For N = 4
and λ = 1 the representation is CPT selfconjugate and contains a massless
vector, four spinors and three complex scalars. This is the field content of
the N = 2 multiplets with λ = 1 and λ = 1/2 together. We cannot have
more than 16 supercharges without introducing gravity.
Central charges and BPS states
Let us focus on the N even case: modulo a unitary transformation we can
assume that the central charge matrices are of the form Z = ε⊗D with D
a diagonal matrix. We can thus focus on the N = 2 case and defining now
aα =
1
2
(
Q1α + εαβ(Q
2
β)
†
)
, bα =
1
2
(
Q1α − εαβ(Q2β)†
)
,
the algebra (1.1) reduces to
{aα, a†β} = δαβ(M +
√
2Z), {bα, b†β} = δαβ(M −
√
2Z). (1.2)
We can thus immediately deduce the relation M ≥ √2|Z| (in particular all
massless states have Z = 0). When M =
√
2|Z|, either {a, a†} or {b, b†} in
(1.2) are zero and the dimension of the representation decreases, since the
states in the multiplet are annihilated by a subset of the supercharges. In the
case N = 2, a reduced (or BPS) massive multiplet has the same dimension
as a massless one.
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1.1.3 Superspace and superfields
In order to write down the lagrangian for supersymmetric theories it is conve-
nient to adopt the superspace and superfield formalism. We will now briefly
review these topics.
Superspace
The superspace is defined adding anticommuting Grassmann variables θα, θ¯α˙
to the spacetime coordinates xµ and can thus be identified with the set of
triples (x, θ, θ¯) (we will from now on focus on the N = 1 superspace in four
dimensions). We indicate with θθ e θ¯θ¯ the expressions θαθα = −2θ1θ2 and
θ¯α˙θ¯
α˙ = 2θ¯1˙θ¯2˙. Introducing auxiliary anticommuting parameters ξ e ξ¯ we
can rewrite (1.1) in terms of ξQ e ξ¯Q¯, obtaining an algebra which involves
commutation relations only. We can now write a SUSY transformation with
parameters ξ and ξ¯ just exponentiating:
G(x, θ, θ¯) = eı(−x
µPµ+θQ+θ¯Q¯).
We thus obtain
G(0, ξ, ξ¯)G(x, θ, θ¯) = G(xµ + ıθσµξ¯ − ıξσµθ¯, θ + ξ, θ¯ + ξ¯),
so under a SUSY transformation ξ, ξ¯ the superspace coordinates transform
as:
xµ → xµ + ıθσµξ¯ − ıξσµθ¯,
θ → θ + ξ,
θ¯ → θ¯ + ξ¯.
(1.3)
We can now easily write the supercharges as differential operators on the
superspace:
Qα =
∂
∂θα
− ıσµαα˙θ¯α˙∂µ, Q¯α˙ = −
∂
∂θ¯α˙
+ ıθασµαα˙∂µ. (1.4)
Let us finally introduce the super derivatives
Dα =
∂
∂θα
+ ıσµαα˙θ¯
α˙∂µ, D¯α˙ = − ∂
∂θ¯α˙
− ıσµαα˙θα∂µ. (1.5)
which satisfy the relation {Dα, D¯α˙} = −2ıσµαα˙∂µ. We introduce them be-
cause they anticommute with Q and Q¯ and this will make it easier to write
down supersymmetric lagrangians.
Superfields
A superfield is a function defined on the superspace F (x, θ, θ¯) (defined in
terms of its expansion in powers of the anticommuting variables)
F (x, θ, θ¯) = f(x) + θϕ(x) + θ¯χ(x) + θθm(x) + θ¯θ¯n(x) + θσµθ¯vµ(x)
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+θθθ¯λ¯(x) + θ¯θ¯θψ(x) + θθθ¯θ¯d(x).
A supersymmetry transformation acts on super fields as δF = (ξQ+ ξ¯Q¯)F .
From this we can read the transformation properties of the various compo-
nents. Notice that the variation of the highest component of a superfield
is always a total derivative. The spacetime integral of this component will
then be invariant under supersymmetry transformations. This is basically
how supersymmetric lagrangians are constructed, as we will now see.
Clearly every function of superfields is a superfield and since the algebra
of superfields is closed under SUSY transformations they give a representa-
tion of the SUSY algebra. However, this will be reducible and in order to
obtain irreducible representations we have to impose some constraints. The
most common (and the only ones we will use) are:
• D¯α˙Φ = 0 which defines Chiral Superfields:
It is convenient to define yµ = xµ + ıθσµθ¯, so that the above condition
becomes
∂
∂θ¯α˙
Φ = 0.
This simply tells that a chiral superfield is a function of y and θ only
and thus is of the form
Φ = A(y) +
√
2θψ(y) + θθF (y),
or in terms of the original coordinates
Φ(x, θ, θ¯) =A(x) + ıθσµθ¯∂µA− 1
4
θ2θ¯22A+
√
2θψ(x)
− i√
2
θθ∂µψσ
µθ¯ + θθF (x).
(1.6)
This superfield describes the matter content of a N = 1 scalar mul-
tiplet. Obviously the product of chiral superfields defines a chiral su-
perfield. This fact will allow to include in the lagrangian arbitrary
polynomial functions of chiral superfields and introduce the so-called
superpotential. The only general constraint is that the superpotential
should be holomorphic.
• V = V † which gives the so-called vector superfields: They are used
to describe N = 1 gauge multiplets. The supersymmetric counterpart
of gauge transformations is given (in the abelian case) by V → V +
Λ + Λ†, where Λ is a chiral superfield. Notice that V |θσµθ¯ = Aµ →
Aµ + ı∂µ(A − A†) (where A is the lowest component of Λ). Some
components of our superfield can be set with a suitable choice of Λ to
zero. In particular we can impose the Wess-Zumino gauge in which
the vector superfield becomes
V = −θσµθ¯Aµ + ıθ2θ¯λ¯− ıθ¯2θλ+ 1
2
θ2θ¯2D.
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Notice that V 3 = 0 in this gauge. The field strength is then defined by
Wα = −1
4
D¯2DαV, W¯α˙ = −1
4
D2D¯α˙V, (1.7)
which is a gauge invariant chiral superfield.
The generalization to the non-abelian case is straightforward: we will
have V = VaT a (T a’s are the group generators), the gauge transfor-
mations are given by
e−2V → e−ıΛ†e−2V eıΛ,
where Λ = ΛaT a and the field strength can be written as
Wα =
1
8
D¯2e2VDαe
−2V . (1.8)
It transforms in the expected way: Wα → e−ıΛWαeıΛ
1.1.4 Lagrangian N = 1 field theories
I this section we will explain how to build lagrangians for N = 1 theories
describing chiral and vector multiplets. These constitute the building blocks
for gauge theories lagrangians, in particular those with N = 2 supersymme-
try, which represent the starting point of the Seiberg-Witten analysis. The
basic idea is to consider the highest component of a suitable superfield.
Chiral multiplets
The kinetic terms for the fields in the SUSY multiplet can be introduced
considering the highest component of Φ†iΦj . Neglecting total derivatives and
summing over i = j, we get the lagrangian
L = Φ†iΦi|θ2θ¯2 = ∂µA†i∂µAi + F †i Fi − ıψ¯iσ¯µ∂µψi.
This lagrangian describes as expected a scalar and a spinor massless fields.
It also describes an auxiliary field F , which can be eliminated by means of
the equations of motion.
Mass and interaction terms can be added introducing a superpotential.
The most general superpotential compatible with renormalizability is
L = Φ†iΦi|θθθ¯θ¯ +
[(
1
2
mijΦiΦj +
1
3
gijkΦiΦjΦk + λiΦi
) ∣∣∣∣
θθ
+ h.c.
]
. (1.9)
We can rewrite everything in terms of an integral over superspace
L =
∫
d4θΦ†iΦi +
∫
d2θW(Φ) +
∫
d2θ¯W¯(Φ†).
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This is not the most general lagrangian compatible with supersymmetry.
We can also consider the highest component of K(Φ,Φ†) where K is called
Kähler potential and should satisfy the constraint K¯(zi, z¯j) = K(z¯i, zj).
At the classical level any supersymmetric theory has a U(1) simmetry
called R-simmetry, which acts on chiral superfields as
RΦ(x, θ) = e2ınαΦ(x, e−ıαθ),
RΦ†(x, θ¯) = e−2ınαΦ†(x, eıαθ¯).
n is called R-charge. Since d2θ → e−2ıαd2θ, the R-charge of the superpoten-
tial W should be one.
Supersymmetric gauge theories
The standard kinetic term for the abelian multiplet is
L = 1
4
(∫
d2θWαWα +
∫
d2θ¯W¯α˙W¯
α˙
)
. (1.10)
Similarly, the SUSY analog of Yang-Mills (SYM) theory is described by the
lagrangian
L = 1
4g2
(∫
d2θWαWα +
∫
d2θ¯W¯α˙W¯
α˙
)
, (1.11)
where g is the coupling constant. If we want to include the θ term we can
simply consider
L = 1
8pi
Im
(
τTr
∫
d2θWαWα
)
,
where τ = θ/2pi + 4piı/g2.
If we want to include matter fields the minimal coupling can be imple-
mented introducing the term ∫
d4θΦ†e−2V Φ
for any matter field. Interaction terms can be simply included using the
superpotential as before.
1.1.5 N = 2 gauge theories
SYM theory
As we have explained above, the field content of a N = 2 vectormultiplet
(Aµ, λ, ψ, φ) is equivalent to that of two N = 1 multiplets, one vector mul-
tiplet (Aµ, λ) e one scalar multiplet (ψ, φ). The N = 2 pure gauge theory is
thus equivalent to a N = 1 gauge theory with a chiral multiplet in the ad-
joint representation. The relative normalization is fixed by the requirement
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that the two fermions should enter symmetrically in the lagrangian. Using
the receipt given previously, we can immediately write down the lagrangian
for N = 2 SYM:
L = 1
8pi
ImTr
[
τ
(∫
d2θWαWα
)
+ 2
∫
d4θΦ†e−2V Φ
]
. (1.12)
If we rewrite it in terms of the component fields and eliminate the two
auxiliary fields using their equations of motion, we get
L = 1
g2
Tr
(
−1
4
FµνF
µν + g2
θ
32pi2
FµνF˜
µν + (Dµφ)
†(Dµφ)− 1
2
[φ†, φ]2
−ıλσµDµλ¯− ıψ¯σ¯µDµψ − ı
√
2[λ, ψ]φ† − ı
√
2[λ¯, ψ¯]φ
)
. (1.13)
The scalar potential of the theory is thus
V = − 1
2g2
Tr
(
[φ†, φ]2
)
. (1.14)
At the classical level the vacuum configurations can be found minimizing the
potential (1.14). We can immediately see from the above formula one of the
characterizing properties of field theories with extended supersymmetry: the
presence of flat directions. The potential attains its minimum when the field
φ commutes with its hermitian conjugate and can thus be diagonalized. The
set of gauge inequivalent vacua can be parametrized by the eigenvalues of
φ (or more precisely their gauge invariant combinations Trφk) and is called
moduli space.
Including matter fields
Matter multiplets coupled to theN = 2 gauge multiplet can also be included.
They are described by the so called hypermultiplets, which can be con-
structed using two N = 1 chiral multiplets Q and Q˜† in the same representa-
tion of the gauge group. We can for instance describe N = 2 SQCD adding
Nf hypermultiplets in the fundamental representation. The lagrangian can
be written down simply adding to (1.12) the terms (for SU(N) gauge theo-
ries)
L =
∫
d4θ
(
Q†ie
−2VQi + Q˜ie2V Q˜
†
i
)
+
∫
d2θ
(√
2Q˜iΦQi +miQ˜iQi
)
+ h.c.
The term
√
2Q˜iΦQi is linked through N = 2 SUSY to the coupling of the
hypermultiplet with the vector superfield V .
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Central charges in N = 2 gauge theories
We have seen that gauge theories with extended supersymmetry always in-
clude a scalar field in the adjoint representation. Its vacuum expectation
value generically breaks the gauge group down to the maximally abelian
subgroup. All the theories with this property contain in their spectrum
magnetic monopoles and dyons [63]-[65]. As shown by Olive and Witten in
[66], the central charge of SUSY representations in these theories is propor-
tional to the electric and magnetic charges. Their computation leads to the
following result for SU(2) SYM theory
Z = a(ne + τnm), τ =
θ
2pi
+
4piı
g2
,
where a is the vev of φ. If we include matter fields in various representations
this formula should be modified adding the flavor charges Si:
Z = a(ne + τnm) +
1√
2
∑
miSi,
where mi are the masses of the matter fields. This result holds for theories
with gauge group SU(2), which has rank one. In the general case we will
have one electric and one magnetic charges for each Cartan generator.
1.2 N = 2 SYM and low energy effective action
As we have seen the classical moduli space (Coulomb branch) of SYM theory
can be parametrized by the vev of the scalar field φ in the vector multiplet,
which can be supposed to be diagonal, more precisely by the gauge invariant
combinations of its eigenvalues Trφk with k = 1, . . . , rank G. If we introduce
matter fields in the theory the Coulomb branch is just a submanifold of the
whole moduli space, which also includes the so-called Higgs branch. It is
parametrized by the vev of the scalar fields in the matter hypermultiplets,
whereas 〈φ〉 = 0. On the Higgs branch the gauge group is generically com-
pletely broken. The Higgs and Coulomb branches can also intersect along
the so called mixed branches, on which the vev of φ is different from zero. A
key property of the Higgs branch (dictated by extended supersymmetry) is
that it is a hyperkähler manifold and is not modified by quantum corrections
[22]. This is not true for the Coulomb branch. The purpose of this section is
to understand how the Coulomb branch is modified by quantum corrections.
For definiteness we will restrict our discussion to SU(N) gauge theories.
1.2.1 Breaking of the R-symmetry
We will now discuss how quantum corrections break the classical R-symmetry
of the theory. This will play an important role in the other chapters.
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We can rewrite the lagrangian for N = 2 SYM theory with gauge group
SU(Nc) in terms of the Dirac spinor ψD =
(
λ
ψ¯
)
constructed using the
spinors in the vector multiplet
L = 1
g2
Tr
(
−1
4
FµνF
µν + g2
θ
32pi2
FµνF˜
µν + (Dµφ)
†(Dµφ)− 1
2
[φ†, φ]2
+ıψ¯Dγ
µDµψD + ı
√
2[ψ¯D,
1 + γ5
2
ψD]φ
† − ı
√
2[ψ¯D,
1− γ5
2
ψD]φ
)
.
One can then easily check that the following transformation
U(1)R : φ → φ′ = e2ıαφ,
ψD → ψ′D = eıαγ5 ,
ψ¯D → ψ¯′D = ψ¯Deıαγ5 ,
is a symmetry of the classical theory but is broken at the quantum level by the
chiral anomaly: ∂µJ
µ
5 = − Nc8pi2FµνF˜µν . From the path integral representation
we find infact ∫
[dφ′][dψ¯′D][dψ
′
D] exp{ıS[φ′, ψ¯′D, ψ′D, Aµ]}
=
∫
[dφ][dψ¯D][dψD] exp{ıS[φ, ψ¯D, ψD, Aµ]} exp{−ıα4Ncν}, (1.15)
where ν = 1
32pi2
∫
d4xFµνF˜
µν is the instanton number. The transformations
U(1)R which leave the path integral invariant satisfy the relation α = 2pin4Nc
where n = 1, . . . , 4Nc. The residual symmetry group is then Z2Nc , which
is further broken in each vacuum by the vev of φ. If we include matter
hypermultiplets the corresponding spinors contribute to the anomaly. For
SQCD with Nc colors and Nf flavors, which is the case of interest for us, the
unbroken subgroup is Z2Nc−Nf .
1.2.2 Low energy effective action
We have seen that semiclassically the theory abelianizes on the Coulomb
branch due to the vev 〈φ〉 = diag(a1, . . . , aN ), with
∑
i ai = 0. If ai−aj  Λ
for all i and j, this breaking occurs at very high energy where the theory
is weakly coupled. Below that scale the theory becomes abelian and the
coupling constant decreases at lower energies. The theory is thus weakly
coupled at all scales and the semiclassical picture is reliable. The gauge
multiplets associated to broken gauge generators acquire mass of order 〈φ〉 by
the Higgs mechanism and at low energy the dynamics will be encoded in an
abelian effective action, written in terms of the vector multiplets associated
with the Cartan generators. We expect this picture to remain valid at the
quantum level however, a perturbative computation will not be reliable in
17
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the inner region of the moduli space, where quantum corrections become
important. The question is then how one can determine the effective action
encoding the infrared dynamics.
As a preliminary step, one can notice that extended supersymmetry im-
poses strong constraints on the structure of this effective action, which must
have the following form, as found in [67] using the N = 2 superspace for-
malism:
L = 1
8pi
Im
(∫
d2θFab(Φ)W aαW bα + 2
∫
d4θ(Φ†e−2V )aFa(Φ)
)
. (1.16)
In the previous formula Fa(Φ) = ∂F/∂Φa, Fab(Φ) = ∂2F/∂Φa∂Φb and F
is a holomorphic function called prepotential. The Seiberg-Witten solu-
tions allows to determine it exactly.
Let us now focus on the case Nc = 2, the generalization being straight-
forward. We will then have 〈φ〉 = aτ3. At the classical level the prepotential
assumes the form F = 12τa2 and it receives perturbative corrections only at
the one loop level. This can be determined using R-symmetry [68]: as we
have seen the group U(1)R is broken by the chiral anomaly and under its
action the lagrangian changes as
δL = − α
4pi2
FµνF˜
µν .
We can rewrite this result in terms of the prepotential applying the R-
symmetry transformation to the effective action (1.16), obtaining
δL = − α
8pi
Im
[
aF ′′′(a)(F˜µνFµν + ıFµνFµν)
]
.
Comparing the above equations we find F ′′′(a) = 2ıapi and integrating we get
the one loop correction to the prepotential
Fone−loop(a) = ı
2pi
a2 ln
a2
Λ2
, (1.17)
Where Λ is the dynamical scale of the theory.
This description of the effective action in terms of the superfields Φ and
Wα is appropriate in the semiclassical region (for u = 〈Trφ2〉  Λ2) but
cannot be valid globally on the moduli space. In order to see this one can
notice that unitarity requires the kinetic term to be positive definite, which
in turn implies that
Imτ ≡ Im ∂
2F
∂a∂a¯
=
θ
2pi
+ ı
4pi
g2
should be positive. On the other hand, since F is holomorphic, its imaginary
part is harmonic and consequently cannot be positive everywhere on the
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complex plane. The solution to this problem is that our choice of coordinates
is valid only on a region of the moduli space and when we approach a point
where Imτ(a) = 0 we should adopt a different set of coordinates a˜ such that
Imτ˜(a˜) > 0 in a neighbourhood of that point. Let us now study how to
implement this change of coordinates.
1.2.3 Duality transformations
Let us define ΦD to be the field dual to Φ and the function FD(ΦD) to be
the dual of the prepotential F(Φ) through the equations
ΦD = F ′(Φ), F ′D(ΦD) = −Φ. (1.18)
Using these relations in (1.16) we can rewrite the second term as follows
Im
∫
d4xd2θd2θ¯Φ†F ′(Φ) = Im
∫
d4xd2θd2θ¯(−F ′D(ΦD))†ΦD
= Im
∫
d4xd2θd2θ¯Φ†DF ′D(ΦD).
We thus see that this term is invariant under the duality transformation
(1.18). Let us now analyze the term F ′′(Φ)WαWα. Remember that Wα
contains the abelian field-strength Fµν = ∂µAν − ∂νAµ for some Aµ. This
constraint can be implemented imposing the Bianchi identity ∂νF˜µν = 0;
the corresponding constraint in the superspace formalism is ImDαWα = 0.
Inserting this in the path integral we can now integrate either with respect
to V or Wα, imposing the condition ImDαWα = 0 by means of an auxiliary
vector superfield VD which plays the role of a Lagrange multiplier:∫
[dV ] exp
[
ı
8pi
Im
∫
d4xd2θF ′′(Φ)WαWα
]
'
∫
[dW ][dVD]
exp
[
ı
8pi
Im
∫
d4x
(∫
d2θF ′′(Φ)WαWα + 1
2
∫
d2θd2θ¯VDDαW
α
)]
.
The second term can now be rewritten as∫
d2θd2θ¯VDDαW
α =−
∫
d2θd2θ¯DαVDW
α =
∫
d2θD¯2(DαVDW
α)
=
∫
d2θ(D¯2DαVD)W
α = −1
4
∫
d2θ(WD)αW
α,
where we have defined the dual of W by means of the relation (WD)α =
−14D¯2DαVD and we have exploited the chirality of the field strength D¯β˙Wα =
0. Integrating explicitly with respect to W we finally get∫
[dVD] exp
[
ı
8pi
Im
∫
d4xd2θ
(
− 1F ′′(Φ)W
α
DWDα
)]
.
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We have thus rewritten the lagrangian (1.16) in terms of dual variables.
The generalized coupling τ(a) is replaced in these variables by − 1τ(a) . This
transformation is the SUSY counterpart of electric-magnetic duality: the
transformation W →WD implies Fµν → F˜µν . Notice that
F ′′D(ΦD) = −
dΦ
dΦD
= − 1F ′′(Φ) ,
and this implies
τD(aD) = − 1
τ(a)
,
where we have defined aD = 〈ΦD〉. Substituting in the lagrangian we finally
get
1
8pi
Im
∫
d4x
[∫
d2θF ′′DWαDWDα +
∫
d2θd2θ¯Φ†DF ′D(ΦD)
]
. (1.19)
Notice that the metric induced on the moduli space
ds2 = Imτdada¯ = Im(daDda¯) =
ı
2
(dada¯D − daDda¯), (1.20)
is left invariant by the duality transformation (1.18). We will now deter-
mine the group of transformations which leave the metric (1.20) invariant
and which map our theory into an equivalent one, thus determining all the
possible parametrizations of the moduli space.
The duality group
In order to analize the duality group it is convenient to write the effective
action (1.16) in the form
L = 1
8pi
Im
∫
d2θ
dΦD
dΦ
WαWα +
1
16ıpi
∫
d2θd2θ¯(Φ†ΦD − Φ†DΦ). (1.21)
We have just seen that the transformation(
ΦD
Φ
)
→
(
0 1
−1 0
)(
ΦD
Φ
)
(1.22)
is in the duality group and from (1.20) it is easy to see that also the following
transformation leaves the metric invariant:(
ΦD
Φ
)
→
(
1 a
0 1
)(
ΦD
Φ
)
, a ∈ R. (1.23)
Since a is real, this transformation leaves the second term of the lagrangian
(1.21) invariant whereas the first one is modified as follows:
a
8pi
Im
∫
d4xd2θWαWα = − a
16pi
∫
d4xFµνF˜
µν = −2piaν
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Since the functional integral is invariant if the action changes by an integer
multiple of 2pi, we can conclude that the transformations (1.23) are in the
duality group if a ∈ Z. Their effect is to shift the θ angle by 2pia. Equations
(1.18) and (1.23) together generate the duality group SL(2,Z). It is easy to
verify that the action of this group on the generalized coupling constant is
τ → aτ + b
cτ + d
,
where ad − bc = 1 and a, b, c, d ∈ Z. For Nc > 2 the duality group which
leaves the metric invariant is Sp(2Nc − 2,R).
1.2.4 Masses of monopoles and dyons
We have seen that in this class of models monopoles and dyons arise in a
very natural way and their mass is bounded below by M ≥ √2|Z|, where
Z is the central charge. States saturating this bound are called BPS (see
[69, 70]) and are organized in short multiplets of the N = 2 SUSY algebra.
Semiclassically Z = a(ne+τnm) and the purpose of this section is to achieve
an exact formula, written in terms of the low energy effective quantities.
Let us suppose that the effective theory contains a matter hypermultiplet
described by the chiral superfields M, M˜ . When the vev a of the field φ is
different from zero the multiplet becomes massive . If its electric charge is
ne (and its magnetic charge zero), the interaction term assumes necessarily
the form √
2neMΦM˜.
by supersymmetry. We can thus conclude that its central charge is Z = nea.
If we have instead a magnetic monopole with charge nm, we can reduce
ourselves to study a system equivalent to the previous one by means of a
duality transformation and conclude that the central charge in this case is
Z = aDnm. This argument implies that for a generic dyon with charges
(ne, nm) we will have the formula
Z = ane + aDnm. (1.24)
Comparing the two equations we find that semiclassically aD = τa. The
generalization of this formula to a rank r theory is simply given by
Z = aine,i + a
i
Dnm,i, i = 1, . . . , r (1.25)
where ai are local coordinates on the moduli space and ne,i, nm,i are the
charges with respect to the various U(1) subgroups. We conclude remarking
that, since the central charge determines the mass of the various particles in
the spectrum, the duality transformations discussed previously should not
modify the value of the central charge. If we organize the parameters aD
and a in a vector v, under the action of a duality transformation v → Mv.
In order to leave Z invariant we should then impose the transformation rule
w → wM−1 where w = (nm, ne).
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1.2.5 β function for the effective U(1) theory
In the next section we will make use of the one-loop expressions for a and aD
to compute the monodromy matrices. We will now see how we can determine
them starting from the beta function of this theory. If we have Weyl fermions
with charges Qf and complex scalars with charges Qs (with respect to the
U(1) gauge group), their contribution to the beta function of the theory is:
β(g) ≡ µdg
dµ
=
g3
16pi2
∑
f
2
3
Q2f +
∑
s
1
3
Q2s
 .
Since the beta function is positive the theory is infrared free and at very low
energies we expect the one-loop approximation to be reliable. If we indicate
with b the coefficient of the term g3 and set α = g2/4pi, we can write
µ
d
dµ
(
1
α
)
= −8pib.
Since in a hypermultiplet we have twoWeyl fermions and two complex scalars
with the same charge Q, its contribution will be
b =
1
16pi2
Q2
(
2 · 2
3
+ 2 · 1
3
)
=
1
8pi2
Q2.
Setting now τ = ı/α we obtain
µ
dτ
dµ
= − 1
pi
Q2.
If we now identify the energy scale µ with a and set Q = 1 we are led to the
equation
τ ≈ − ı
pi
ln
a
Λ
.
If the hypermultiplet we are considering becomes massless at let’s say u0,
we will have limu→u0 a(u) = 0. We are now free to choose the parametriza-
tion in such a way that a ≈ c(u− u0) with c ∈ C. Since τ = daDda we obtain
integrating
a(u) ≈ c(u− u0),
aD(u) ≈ aD(u0)− ı
pi
c(u− u0) ln u− u0
Λ
.
(1.26)
If instead the hypermultiplet describes a monopole becoming massless at u0,
we have limu→u0 aD(u) = 0. Performing the above computation in terms of
magnetic variables we find
τD ≈ − ı
pi
ln
aD
Λ
.
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Recalling now that τD = − dadaD we find
aD(u) ≈ c(u− u0),
a(u) ≈ a(u0) + ı
pi
c(u− u0) ln u− u0
Λ
.
(1.27)
Notice that the dual coupling constant tends to zero when the monopole
becomes massless, i.e. for u → u0. The theory can thus be analyzed using
standard techniques once we adopt the magnetic description.
1.3 The Seiberg-Witten solution
1.3.1 Monodromies and singularities of the moduli space
In the previous section we have seen that we can parametrize the moduli
space with the coordinate u = 〈trφ2〉 and for large u the theory can be
described using the parameter a defined by 〈φ〉 = 12aσ3. However, this
description is not globally valid and at strong coupling we should perform
a duality transformation. It is thus convenient to introduce the vector v =
(aD(u), a(u))
T . One of the key ingredients of the Seiberg-Witten solution is
the presence of singular points: the functions aD(u) and a(u) are not single-
valued and if we loop around a singular point they undergo a nontrivial
transformation which can be conveniently described in terms of a matrix
(monodromy matrix) acting on the v vector. We will now explore this point.
Monodromy at infinity
Let us start from the semiclassical region, where the theory can be analyzed
by means of a standard one-loop computation. Using the formula for the
prepotential (1.17), and recalling that aD = ∂F/∂a we get
aD(u) =
ı
pi
a
(
1 + ln
a2
Λ2
)
, u→∞. (1.28)
Looping now around the point at infinity in the moduli space (u → e2piıu)
we find
a→ −a,
aD → ı
pi
(−a)
(
1 + ln
e2piıa2
Λ2
)
= −aD + 2a.
(1.29)
The monodromy matrix at infinity is then(
aD
a
)
→M∞
(
aD
a
)
, M∞ =
( −1 2
0 −1
)
. (1.30)
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Structure of the moduli space
Since there is a singularity at infinity we necessarily have at least another one
in the u plane (otherwise every loop would be contractible and we would not
have any monodromy) and the associated monodromy should be in SL(2,Z)
as we have seen before. We cannot actually have only two singular points
in the moduli space, as shown in [1]. If this were the case the monodromy
associated to the second singular point would be equal toM∞. On the other
hand this transformation acts trivially on the metric (1.20), which would
then be globally expressible as a harmonic function Imτ(a) on the moduli
space. As we have seen this is in contradiction with the requirement of
positivity. We can thus conclude that we need at least three singular points.
In [1] Seiberg and Witten assume that this “minimal” choice is indeed correct.
We will now see how this assumption leads to a self-consistent picture and
allows to determine explicitly the prepotential.
Let us suppose that we have exactly two singular points (plus the singu-
lar point at infinity studied before). First of all, due to the Z/2Z symmetry
of the theory which acts on the moduli space sending u in −u, we can imme-
diately say that these two singularities should be located at opposite points
in the moduli space, which we can assume to be u = ±1. What is then
their physical interpretation? The key point is that at the singularities the
effective description in terms of the lagrangian (1.16) is not adequate. Since
we are dealing with a Wilsonian effective action, in which all massive fields
(whose mass depends on u) are integrated out (see [71, 72]), the most natural
explanation of the singularities is that some of the massive fields actually be-
come massless at these points due to strong quantum corrections. As argued
in [1], these massless multiplets cannot be identified with gauge vectormulti-
plets; they must then be BPS hypermultiplets and the only such multiplets
in the spectrum of our theory are the solitonic monopoles and dyons. Fol-
lowing this interpretation we can now safely assume (with a suitable choice
of conventions) that one of the singularities is due to a massless monopole.
We are essentially proposing that the infrared dynamics at the singularity
is described by a SQED, in which the massless electron is actually a magnetic
monopole in terms of the original UV variables of the theory. Let us now
see how we can determine the monodromy matrix at the singularity.
Monodromies in the strongly coupled region
Let us analyze the monodromies at finite u. Assuming that the singularity
at u = 1 is due to a massless monopole, we can conclude from (1.24) that aD
must vanish there and, turning to the dual description as explained in the
previous section, we find equation (1.27). Looping around the singularity
counterclockwise in the moduli space u − 1 → e2piı(u − 1) we then find the
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transformation law:(
aD
a
)
→M1
(
aD
a
)
=
(
aD
a− 2aD
)
, M1 =
(
1 0
−2 1
)
, (1.31)
where M1 is our monodromy matrix.
In order to determine the monodromy matrix at the second singularity
u = −1, it is enough to observe that a loop around the point at infinity is
equivalent to the composition of a loop around the point u = −1 and another
one around u = 1. This tells us that M∞ is equivalent to the composition of
M1 and M−1. We can thus conclude that the following relation holds:
M∞ = M1M−1. (1.32)
We then immediately get
M−1 =
( −1 2
−2 3
)
. (1.33)
In order to determine the charges of the particle responsible for this singu-
larity we can proceed as follows [58]: The monodromy due to a dyon with
charges (nm, ne) can be computed determining first of all the duality trans-
formation which turns it into an electron (0, 1).
Under an arbitrary SL(2,Z) transformation
(
α β
γ δ
)
we have the fol-
lowing relations(
aD
a
)
→
(
αaD + βa
γaD + δa
)
,
(
nm
ne
)
→
(
δnm − γne
−βnm + αne
)
.
Imposing that the resulting dyon has charges (0, 1), we can determine the
duality transformation. In these variables the monodromy associated to the
dyon is equal to that of an electron, which we can easily determine from
(1.26): (
1 2
0 1
)
.
Going back to the original variables we find the monodromy matrix(
1 + 2nmne 2n
2
e
−2n2m 1− 2nmne
)
. (1.34)
Comparing now with (1.33) we conclude that the dyon becoming massless
at u = −1 has charges (1,−1).
1.3.2 Solution of the model
We will now see how the structure of the quantum moduli space described
above allows us to determine explicitly a(u) and aD(u) interpreting them as
periods of a suitable elliptic curve.
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Moduli space and elliptic curves
We have seen that the moduli spaceM of SU(2) SYM is the complex plane
with singularities at 1,−1 and∞. We can parametrize it using the coordinate
u equal to (semiclassically) 〈trΦ2〉 and it is characterized by a Z2 symmetry
that acts as u → −u. The quantities of interest for us a and aD can be
expressed as (many-valued) functions of u.
The first key observation is that the duality we have studied before im-
plies that we can construct a flat SL(2,Z) bundle V over M and the pair
(aD(u), a(u)) can be interpreted as a holomorphic section of V . We have the
following monodromies around 1,−1 and ∞:
M∞ =
( −1 2
0 −1
)
, M1 =
(
1 0
−2 1
)
, M−1 =
( −1 2
−2 3
)
.
We can notice that the monodromy matrices generate the group Γ(2) of
matrices in SL(2,Z) congruent to the identity modulo 2, and that C \ −1, 1
coincides with the quotient of the upper half plane H by Γ(2), where the
group action is defined by
τ → aτ + b
cτ + d
, τ ∈ H,
(
a b
c d
)
∈ Γ(2). (1.35)
We can now establish a link with the theory of algebraic curves noticing that
the space H/Γ(2) also parametrizes the family of elliptic curves [73]
y2 = (x− 1)(x+ 1)(x− u). (1.36)
The idea is then to associate to every point u in the moduli space M a
genus one Riemann surface Eu determined by the above equation. The curve
becomes singular whenever two of the branch points in the x plane coincide
and this precisely happens for u = 1,−1,∞. Let us notice that (1.36) has a
Z4 symmetry which acts as u→ −u, x→ −x, y → ±ıy. However, only a Z2
subgroup acts nontrivially on the u plane. These are precisely the properties
characterizing our theory that we discussed before.
The first de Rham cohomology group Vu = H1(Eu,C) of any torus Eu
has dimension 2 and can be thought to as the space of meromorphic (1,0)-
forms with vanishing residues on Eu. We can then construct a vector bundle
having as base space C\{−1, 1} and as fibers Vu; it can be locally trivialized
choosing two continuously varying cycles γ1, γ2 on Eu, in such a way that
their intersection number is one, and integrating over them a representative
of the equivalence classes in H1(Eu,C). The crucial point is that this bun-
dle can be identified with V . Our section (aD, a) can then be written as
ω = a1(u)ω1 + a2(u)ω2, where ω1 and ω2 are two independent elements in
H1(Eu,C). In order to extract aD and a it is enough to choose two cycles
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on Eu γ1, γ2 as before and set
aD =
∮
γ1
ω, a =
∮
γ2
ω. (1.37)
Furthermore, if we identify the periods p1, p2 of the torus Eu, defined as
pi =
∮
γi
dx
y
i = 1, 2
with daD/du and da/du respectively, we find
τ(u) =
daD
da
=
daD/du
da/du
=
p1
p2
. (1.38)
The positivity condition Imτ(u) > 0 follows now from the second Riemann
relation. This identification allows us to find a solution which satisfies all the
physical constraints described above. Conversely, assuming to have found a
solution τ(u), we can determine for every value of u the associated elliptic
curve Eτ , and consequently its periods. Since (aD, a) and (daD/du, da/du)
transform in the same way under the action of the group SL(2,Z), the family
of elliptic curves determined by τ(u) has the same monodromies as (1.36).
We can thus conclude that they coincide and that the given τ(u) function
coincides with the one provided by the Seiberg-Witten solution.
From equation (1.37) and from the definition of periods we can see that
(1.38) is automatically satisfied if we impose the relation
dω
du
= f(u)
dx
y
.
All we need to do now is to determine f(u), matching the asymptotic expan-
sion of our solution with the behaviour of aD and a in a neighborhood of the
points 1,−1 e∞. Expanding at first order as in [1] we find that f = −√2/4pi
does the job. Integrating in u we can determine ω and thus the fundamental
relations (with a suitable choice of periods γ1, γ2)
a =
√
2
pi
∫ 1
−1
√
x− u√
x2 − 1dx, (1.39)
aD =
√
2
pi
∫ u
1
√
x− u√
x2 − 1dx. (1.40)
1.3.3 Solution for SQCD with classical gauge groups
The SW curves for N = 2 SQCD
The idea of encoding the infrared effective action in an auxiliary family of
algebraic curves can be applied to a wide class of N = 2 models, including
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SYM theory with any gauge group and any matter content. We will now
list in Table 1.1 the curves for SQCD with classical gauge groups (this is the
class of models we will be concerned about in this thesis) which were found
in [74]-[80] using arguments similar to the one we have just reviewed. We
refer to these papers for the detailed derivation.
Gauge group SW curve
SU(N) y2 = P 2N (x)− 4Λ2N−Nf
∏Nf
i=1(x+mi)
USp(2N) xy2 = [xPN (x) + 2Λ
2N−Nf+2∏Nf
i=1mi]
2 − 4Λ4N−2Nf+4∏Nfi=1(x−m2i )
SO(2N) y2 = xP 2N (x)− 4Λ4N−2Nf−4x3
∏Nf
i=1(x−m2i )
SO(2N + 1) y2 = xP 2N (x)− 4Λ4N−2Nf−4x2
∏Nf
i=1(x−m2i )
Table 1.1: The SW curves for N = 2 SQCD with Nf flavors. PN (x) is a
monic poynomial of degree N . In the SU(N) case the coefficient of the term
xN−1 is set to zero. Turning it on gives the curve for U(N) SQCD. There
is no such constraint in the other cases.
Singular points in the moduli space
We have seen that there are (complex) codimension one singular submani-
folds of the Coulob branch where some BPS states become massless. The
Coulomb branch has dimension equal to the rank of the gauge group so,
when the group is different from SU(2), it is possible that two (or more)
such singular submanifolds intersect, leading to singular points in which two
(or more) different states become massless at the same time. If the Dirac
product between these states is zero (i.e. they are relatively local), the low
energy dynamics can be described in terms of a local lagrangian and it is
possible to find a duality frame in which all the states have zero magnetic
charges. We thus have in the infrared an abelian theory with a bunch of
electrons.
If the states are relatively nonlocal such a duality frame does not exist
and the low energy theory cannot be described by a local lagrangian. Such
singularities usually signal the presence of an interacting IR fixed point and
are ubiquitous in N = 2 theories. They are usually referred to as Argyres-
Douglas (AD) points, since Argyres and Douglas described for the first time
such singularities in [81]. Their analysis focuses on SU(3) SYM theory,
whose SW curve is
y2 = (x3 − ux− v)2 − 4Λ6.
They observed that setting u = 0 and v = ±2Λ3, the curve degenerates as
y2 = x3(x3 ± 2Λ3), and in a neighbourhood of x = 0 can be approximated
as y2 ≈ x3. They checked explicitly that two relatively nonlocal states
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simultaneously become massless at these points, signalling the presence of
an infrared fixed point. This analysis has been soon extended to SU(2)
SQCD [82] and then to more general models [83, 84].
An important point I would like to stress is that it is not always enough
to check that in a neighbourhood of the singular point there are relatively
nonlocal states becoming lighter and lighter to infer that the low energy
theory at the singular point is nonlocal: typically, when we include flavors,
there are points in the Coulomb branch where the non-abelian gauge sym-
metry is partly restored. Formally the corresponding monopoles and dyons,
which indeed are included in the spectrum in a neighbourhood of the singu-
lar point, become massless. This has been checked explicitly for the singular
points in SU(3) and USp(4) SQCD with 4 flavors [85, 86]. This however
does not imply that the theory becomes nonlocal. We will infact propose a
local lagrangian description for the singular point of USp(2N) SQCD with
four flavors in chapter 5. These singular points will play an important role
later.
1.4 Confinement in softly broken N = 2 gauge the-
ories
One of the most important outcomes of the Seiberg-Witten solution is that
it allows to understand the phenomenon of confinement in a subclass of four
dimensional gauge theories, as explained by the authors in [1]. Since this
will be a central topic in this thesis, let us review the argument.
1.4.1 Confinement in SU(2) SYM theory
As we have remarked in the introduction, N = 2 gauge theories are just dis-
tant relatives of QCD and many key properties indeed differ. For instance,
these models do not exhibit confinement. However, we can achieve a confin-
ing theory just making the adjoint chiral multiplet massive, thus breaking
extended supersymmetry. As long as the mass is small we can understand
these models as perturbations of the N = 2 theory, whose behaviour in the
IR is explicitly under control thanks to the SW solution.
Focusing on the by now familiar SU(2) SYM case, if we turn on the
superpotential term µTrΦ2 the degeneracy of vacua characterizing theN = 2
theory disappears and we are left with two vacua, as can be seen e.g. using
Witten’s index [87]. We can take into account the effect of this perturbation
in the IR adding to the effective lagrangian the superpotential µU (it can be
actually shown that this superpotential is exact also for large µ [1]).
At a generic point in the moduli space, where the only multiplet appear-
ing in the effective action is the abelian vectormultiplet, this superpotential
has no minimum and the corresponding vacuum is lifted by the N = 1 per-
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turbation. The only candidate vacua are thus the two singular points and
the vacuum counting indeed suggests that they are not lifted. As we have
seen, the low energy effective action contains in this case a charged hyper-
multiplet M , M˜ . Let us analyze e.g. the monopole vacuum; the other case
is analogous. The effective superpotential now is
√
2M˜ADM + µU.
The F-term equations are
ADM = 0;
√
2M˜M + µ
∂U
∂AD
= 0.
At the monopole point AD has to vanish, since the monopole is massless,
consistently with the first equation. From the SW solution one can verify
that the derivative of U with respect to AD is nonzero at AD = 0, so we get
〈M˜M〉 = µ√
2
∂U
∂AD
6= 0. (1.41)
We thus get that the magnetic monopole condenses! This breaks the U(1)
gauge symmetry, making the vectormultiplet massive via the (dual) Higgs
mechanism. This implies that the theory (as expected) develops a mass gap
and becomes confining, thanks to the dual superconductor mechanism for
confinement proposed by ’t Hooft and Mandelstam. What we thus get is ba-
sically a supersymmetric version of the abelian Higgs model, which is known
to include topological vortex-like configurations labelled by an element of
the fundamental group of the gauge group, in this case Π1(U(1)) ' Z [88].
These abelian vortices play a role analogous to the confining string of QCD.
This represents the first example of four-dimensional theory in which the
confinement mechanism is explicitly under control.
1.4.2 Softly broken N = 2 SU(2) SQCD and chiral symmetry
breaking
We have seen that the prepotential for SU(2) SYM is encoded in an auxil-
iary family of tori called SW curve. In a second paper Seiberg and Witten
analyzed along the same lines SU(2) SQCD [2]. The associated curves can
be easily deduced from table (1.1). As the study of SYM theory taught
us something about confinement, the analysis of these models led to new
insights about chiral symmetry breaking.
In order to introduce some of the issues discussed in later chapters, let us
briefly review the physics of the Nf = 2 theory. There are four singularities
in the u = 〈TrΦ2〉 plane where some hypermultiplets become massless. The
effective theory at these points is Abelian, dual U(1) gauge theory. For small,
nearly equal bare quark masses, m1 ' m2  Λ, the singularities group into
30
1.4 Confinement in softly broken N = 2 gauge theories
two pairs of nearby singularities. The massless hypermultiplets in these two
singularities are the Abelian monopoles in one or the other of the spinor
representations
(2, 1) or (1, 2) (1.42)
of the flavor symmetry group SO(4) ∼ SU(2)× SU(2).
When the perturbation µTrΦ2 (µ  Λ) is added in the system, the
monopole, say in (2, 1), condenses,
〈M1〉 ∼
√
µΛ , (1.43)
the dual UD(1) gauge group is Higgsed, and the system is in a confinement
phase. An interesting feature of this case is that the confinement order
parameter at the same time breaks the global symmetry as
SU(2)× SU(2)→ SU(2) . (1.44)
The effective action of Seiberg-Witten correctly describes the low-energy
excitations: the exactly massless Nambu-Golstone bosons of the symmetry
breaking (1.44) and their superpartners. Unlike the light flavored standard
QCD, the massless Nambu-Goldstone bosons do not carry the quantum num-
bers of the remaining unbroken SU(2). There are also light but massive dual
photon and dual photino of the order of
√
µΛ, which arise as a result of the
dual Higgs mechanism.
All these light particles are gauge invariant states (they are asymptotic
states); the presence of the original quarks degrees of freedom can be detected
in the flavor quantum numbers [8].
The low energy system is a dual Abelian U(1) gauge theory broken by
the magnetic monopole condensation (1.43). The ANO vortex of this sys-
tem, with tension ∼ µΛ, carries the (Abelianized) chromoelectric flux. The
fact that the underlying SU(2) theory is simply connected, means that such
a vortex must end: the endpoints are the quarks (and squarks) of the un-
derlying theory. Quarks are confined.
An important point we want to stress is the fact that the particles becom-
ing massless at each abelian singularity of the Seiberg-Witten curve are pure
magnetic monopoles even though they carry distinct labels {nmi, ne i} (i =
1, 2, . . . , N − 1) and coupled to different “magnetic duals”, nmADµ + neAµ.
In the case of SU(2) theory where there is only a single U(1) gauge group at
low energies, this fact is easily seen [89, 90]. At a singularity of the quantum
moduli space where the (nm, ne) dyon becomes massless
nmaD + nea = 0, (1.45)
the exact SW solution tells us that
nm(daD/du) + ne(da/du)
(da/du)
= 0, (1.46)
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due to a logarithmic singularity in the denominator. Thus
θeff = Re
daD
da
pi = − ne
nm
pi (1.47)
and the electric charge of a (nm, ne) “dyon” is [91]
2
g
Qe = ne +
θeff
pi
nm = 0. (1.48)
In the case of the SU(2) theory with Nf = 2 with small masses, the mass-
less dyons (which condense upon µΦ2 perturbation) carry (nm, ne) charges
(nm, ne) = (1, 0), θeff = 0 , (1.49)
in one doublet of singularities, and
(nm, ne) = (1, 1), θeff = −pi , (1.50)
in the other. Thus in all vacua the quarks (with charges (n1m, n1e) = (0, 1))
are confined, carrying a relative nonzero Dirac unit
D = n1mn
2
e − n2mn1e Mod 2, (1.51)
with respect to the condensed fields, (n2m, n2e). In them→ 0 limit, a Z2 sym-
metry ensures that the physics at the two vacua look identical, even though
the light monopoles (dyons) are coupled locally to two different magnetic
duals.
As was shown in [2], all massless “dyons” in SU(2) theory with various
Nf carry nm = 1. Their condensation upon the µΦ2 perturbation leads to
quark confinement. The only exception occurs [2] in one of the vacua of
Nf = 3 theory, where massless (2, 1) dyons appear as the infrared degrees of
freedom. This vacuum (where θeff = −1/2) survives the µΦ2 deformation,
the (2, 1) dyons condense, but quarks are unconfined: it is in ’t Hooft’s
oblique confinement phase [3]. The phase of the pure (non supersymmetric)
SU(2) Yang-Mills theory with θ = −pi is believed to be in such a phase,
where the composite of the (1, 0) monopole and the (1, 1) dyon with charges
∓12 condense.
1.4.3 Confinement in SU(N) SQCD
The classical and quantum moduli space of the vacua of theN = 2 supersym-
metric SU(N) QCD has been first studied systematically by Argyres, Plesser
and Seiberg and then by others [22, 23, 97, 98]. Of particular interest are
the r-vacua characterized by an effective low-energy SU(r)×U(1)N−r gauge
symmetry, with massless monopoles carrying the charges shown in the Table
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taken from [22] (we will discuss further their properties later on). When
the adjoint scalar mass µTrΦ2 term, which breaks supersymmetry to N = 1,
is added the massless Abelian Mk and non-Abelian monopolesM (see [92]-
[96]) all condense, bringing the system to a confinement phase. The form
of the effective action describing these light degrees of freedom is dictated
by the N = 2 supersymmetry and the gauge and flavor symmetries. The
effective superpotential has the form [22, 23]
Wr−vacua =
√
2Tr(MφM˜) +
√
2 aD0Tr(MM˜) +
√
2
N−r−1∑
k=1
aDkMkM˜k +
+ µ
(
Λ
N−r−1∑
k=0
ckaDk +
1
2
Trφ2
)
, (1.52)
where φ and aD 0 are the adjoint scalar fields in the N = 2 SU(r) × U(1)
vector multiplet, aDk, k = 1, 2, . . . , N − r − 1 are the adjoint scalars of
the Abelian U(1)N−r−1 gauge multiplets. Mk’s are the Abelian monopoles,
each carrying one of the magnetic U(1) charges, whereas M (with r color
components and in the fundamental representation of the flavor SU(Nf )
group) are the non-Abelian monopoles. The terms linear in µ is generated by
the microscopic N = 1 perturbation µTrΦ2, written in terms of the infrared
degrees of freedom aDk and φ, and ck are some dimensionless constants of
order of unity.
These quantum r-vacua are known to exist only for r ≤
[
Nf
2
]
.
When small, generic bare quark mass terms
Wmasses = miQiQ˜i (1.53)
are added in the microscopic theory, the infrared theory gets modified further
by the addition
∆Wmasses = miMiM˜i +
N−r−1∑
k=1
SjkmjMkM˜k, i, j = 1, . . . , Nf (1.54)
SU(r) U(1)0 U(1)1 . . . U(1)N−r−1 U(1)B
nf ×M r 1 0 . . . 0 0
M1 1 0 1 . . . 0 0
...
...
...
...
. . .
...
...
MN−r−1 1 0 0 . . . 1 0
Table 1.2: The massless non-Abelian and Abelian monopoles and their
charges at the r vacua at the root of a “non-baryonic” r-th Higgs branch.
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where Sjk are the j-th quark number carried by the k-th monopole. Su-
persymmetric vacua are found by minimizing the potential following from
Eq. (1.52) with Eq. (1.54), and by vanishing of the D-term potential.
The part of the decoupled U(1)N−r−1 theory involving Abelian monopoles
is trivial and gives the VEV’s
aDk ∼ O(mi); Mk = M˜k ∼
√
µΛ , (1.55)
as in the SU(2) theories.
The equations for the SU(r)×U(1) sector (see Eq. (1.80)-Eq. (1.86)) are
less trivial. The equations look rather similar to the semiclassical equations
of the microscopic SU(N) theory, which are valid for µ  Λ, |mi|  Λ,
reported in the Appendix, but there are a few crucial differences.
One is that the effective gauge group SU(r) × U(1) is not simply con-
nected and the low-energy system generates vortex solutions, while the mi-
croscopic theory cannot possess such solitons. Secondly, the massless hyper-
multiplets in the system describe magnetically charged particles, in contrast
to those in the original ultraviolet Lagrangian. Finally, the range of validity
of the effective theory is limited to the excitations of energies much less than
the dynamical scale Λ, as the particles of masses of the order of Λ or larger
have been integrated out in obtaining it.
This last fact makes the identification of the correct solutions of Eq. (1.80)-
Eq. (1.86) somewhat a subtle task (i.e., fake solutions involving VEVs of the
order of Λ must be disregarded): the solutions are given by [23]:
φ =
1√
2
 −m1 −
√
2ψ0
. . .
−mr −
√
2ψ0
 , (1.56)
Mia =

d1
. . .
dr
0
 , M˜ai =

d˜1
. . .
d˜r
0
 , (1.57)
where di, d˜i’s and ψ0 are given by
ψ0 = − 1√
2 r
∑
i
mi, (1.58)
did˜i = µ
mi − 1
r
r∑
j
mj
− µΛ√
2 r
. (1.59)
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In the limit mi → 0 the monopole VEV’s tend to
〈Mia〉 = δia
√
µΛ√
2 r
, i = 1, . . . , r; 〈Mia〉 = 0, i = r + 1, . . . , Nf .(1.60)
The system is in a color-flavor locked phase of the dual SU(r) gauge theory.
The flavor SU(Nf )×U(1) symmetry of the underlying SQCD is dynamically
broken as
SU(Nf )× U(1)→ U(r)× U(Nf − r) . (1.61)
The fact that 〈Mia〉 is nonvanishing in the limit mi → 0 means that the
symmetry breaking is dynamical, and this property distinguishes the r vacua
appearing at these nonbaryonic roots from the vacua at the baryonic root1.
Until now we have discussed only the case of degenerate (or slightly
unequal) bare masses mi for the flavors. An important observation is the
fact that, when the mi’s are generic, each r vacuum splits in
(
Nf
r
)
abelian
vacua. Taking into account the Witten effect as in section 2, it is easy to
generalize the argument we gave for SU(2) to SU(N) and conclude, as we
will now see, that the particles becoming massless in each one of these vacua
are magnetic monopoles and not dyons. Consider a Cartan basis for SU(N):
[Hi, Hk] = 0, (i, k = 1, 2, . . . , r); [Hi, Eα] = αiEα;
[Eα, E−α] = αiHi; [Eα, Eβ] = Nαβ Eα+β (α+ β 6= 0).
(1.62)
where α’s are the root vectors. 3(N − 1) generators can be grouped into
SU(2) subsets of generators,
[Hi, Eα] = αiEα; [Eα, E−α] = αiHi, (1.63)
containing N − 1 diagonal U(1) generators.
Assuming Abelianization the magnetic monopoles are the ’t Hooft-Polyakov
monopoles living in these broken SU(2) groups. Each of the SU(2) group
acquires a θ term,
θ
32pi2
3∑
j=1
F jµνF˜
j µν =
θ
8pi2
3∑
j=1
Ej ·Bj , (1.64)
The i-th magnetic monopole contributes to the electromagnetic static energy
θ
8pi2
3∑
j=1
Ej ·Bj = θ
8pi2
(−∇φ) · ∇gm
r
= − θ
2pi
gmφ δ
3(r) . (1.65)
1 The vacua at the baryonic root, present only for Nf > N , are interesting as they are
characterized [22] by the low-energy effective SU(N˜) gauge group, N˜ ≡ Nf − N . Thus
it was argued in [22] that these might be relevant for the understanding of the Seiberg
duality in the N = 1 SQCD, and some further observations on this point were made
recently [99]-[104]. These vacua at the baryonic root are however nonconfining [23] in the
limit m→ 0, µ 6= 0, and this is the reason why we focus on the r vacua.
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thus carries the i-th “electric” U(1) charge, − θ2pigm. Of course, the monopole
of the i-th SU(2)/U(1) sector (i = 1, 2, . . . N − 1) is neutral with respect to
all other U(1)’s.
Under the dynamical hypothesis of Abelianization, thus each U(1) factor
has its own Witten effect. The argument made in the SU(2)→ U(1) theories
works here too.
If we now take the equal mass limit, we recover r vacua with their
non-abelian sector. The particle becoming massless in each abelian vac-
uum now combine into multiplets in the fundamental representation of the
SU(r) gauge group. We can thus conclude that these are truly non-abelian
monopoles.
Low-energy excitations and non-Abelian chromoelectric vortices
The obvious low-energy excitations of this system are the massless and light
particles described by the effective Lagrangian described above. These can
be found by expanding around the vacua (1.56)-(1.60). They contain mass-
less Nambu-Goldstone bosons of the breaking (1.61) and their superpartners,
as well as light pseudo Nambu-Goldstone particles of the SUR(2) breaking.
Also, the dual SU(r)×U(1)N−r gauge bosons and gauginos form light mas-
sive multiplets.
What is perhaps not so well known (however, see [99]-[104] for related re-
marks) is the fact that, apart from these elementary excitations, the system
described by Eqs.(1.56) and (1.54) has low-energy non-Abelian excitations
of a different sort. As Π1(U(r) × U(1)N−r−1) = ZN−r, the low-energy sys-
tem possesses soliton vortices. In the vacuum (1.60) the minimum vortex
configuration (see Eq. (1.88)) breaks the color-flavor diagonal symmetry to
SU(r − 1)× U(1): it is a non-Abelian vortex [105]-[115]. The fluctuation of
the orientational modes of
CP r−1 = SU(r)/SU(r − 1)× U(1) (1.66)
is described by a vortex worldsheet sigma model,
S1+1 = 2β
∫
dtdz tr
{
X−1′αB
†Y −1′αB
}
= 2β
∫
dtdz tr
{(
1 +B†B
)−1 ′
αB
†
(
1r−1 +BB†
)−1 ′
αB
}
, (1.67)
whereB, a r−1 component vector, represents the inhomogeneous coordinates
of CP r−1 (see Eq. (1.4.3)) and β is a constant. The low energy system has
also N − r − 1 distinct Abelian (Abrikosov-Nielsen-Olesen) vortices, as the
dual U(1)N−r−1 theory is in the Higgs phase (see Eq. (1.55)).
The point of crucial importance is the fact that the underlying SU(N)
theory, being simply connected, does not support a vortex solution. It means
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that both the non-Abelian vortex (1.67) and the Abelian vortices of the
U(1)N−r−1 sectors must end. These vortices in the dual, magnetic theory
carry chromoelectric fluxes. The endpoints are quarks of the fundamental
theory, which, being relatively nonlocal to the low-energy effective degrees
of freedom, and also having dynamical masses of the order of Λ, are not ex-
plicitly visible in the low-energy effective action 2. The quarks are confined3.
The system produces more than one kinds of confining strings as the
SU(N) gauge symmetry of the ultraviolet theory is dynamically broken to
U(r) × U(1)N−r−1 at low energies, so the mesons appear in various Regge
trajectories. The only exception is the case of SU(3) theory, where the only
nontrivial r vacua (r = 2 in this case) corresponds to a low energy U(2)
theory with Π1(U(2)) = Z: there is a unique universal Regge trajectory.
Appendix
Classical vacuum equations
The superpotential has the form
W = µTrΦ2 +
√
2 Q˜aiΦ
b
aQ
i
b +mi Q˜
a
iQ
i
a . (1.68)
The vacuum equations read
[Φ,Φ†] = 0 ; (1.69)
νδba = Q
i
a(Q
†)bi − (Q˜†)iaQ˜bi ; (1.70)
QiaQ˜
b
i −
1
N
δba(Q
i
cQ˜
c
i ) +
√
2µΦba = 0 ; (1.71)
Qiami +
√
2 ΦbaQ
i
b = 0 (no sum over i) ; (1.72)
miQ˜
a
i +
√
2 Q˜biΦ
b
a = 0 (no sum over i) . (1.73)
By gauge rotation Φ can be taken as
Φ = diag (φ1, φ2, . . . φN ) ,
∑
φa = 0 . (1.74)
2Not all effects related to the underlying quarks are invisible at low energies, however.
The zero-energy quark fermion modes are indeed responsible for giving the flavor quantum
numbers to the monopoles as in Table 1.2.
3Of course, as the underlying theory contains scalars in the fundamental representation
there are no distinct phases between the confinement and Higgs phase in these theories
(complementarity).
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Qia and Q˜bi are either nontrivial eigenvectors of the matrix Φ with possible
eigenvaluesmi, or null vectors. The solution with eigenvaluesm1,m2, . . . ,mr
is
Φ =
1√
2
diag (−m1, . . . ,−mr, c, . . . , c) ; c = 1
N − r
r∑
k=1
mk. (1.75)
Qia =

f1
. . .
fr
0
 , Q˜ai =

f˜1
. . .
f˜r
0
 , (1.76)
where
r = 0, 1, . . . ,min {Nf , N − 1}, (1.77)
The solution for fi, f˜i is (see [23] for more details)
fif˜i = µmi +
1
N − rµ
r∑
k=1
mk , f
2
i = |f˜i|2 , (fi > 0) . (1.78)
The number of the quark flavors “used” to make solutions define various
classical r-vacua. As the solution with a given r leaves a local SU(N − r)
invariance it counts as a set of N − r solutions (Witten’s index [87]). In all
there are precisely
N =
min {Nf ,N−1}∑
r=0
(N − r)
(
Nf
r
)
(1.79)
classical solutions for generic mi’s and µ 6= 0.
Equations determining VEVs in the quantum r vacua
The D-tem potential gives
0 = [φ, φ†]; (1.80)
νδba = q
i
a(q
†)bi − (q˜†)iaq˜bi ; (1.81)
0 = qia(q
†)ai − (q˜†)iaq˜ai ; (1.82)
while the F-term equations are
qiaq˜
b
i −
1
r
δba(q
i
cq˜
c
i ) +
√
2µφba = 0; (1.83)
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0 =
√
2φbaq
i
b + q
i
a(mi +
√
2 aD0); (no sum over i, a) (1.84)
0 =
√
2 q˜biφ
a
b + (mi +
√
2 aD0) q˜
b
i (no sum over i, a). (1.85)
√
2Tr(qq˜) + µΛ = 0. (1.86)
The SU(r) adjoint scalars can be diagonalized by color rotations,
diagφ = (φ1, φ2, . . . φr),
∑
φa = 0. (1.87)
Non-Abelian vortex in the r vacua
M =
(
eiθφ1(ρ)1 0
0 φ2(ρ)1r−1
)
=
eiθφ1(ρ) + φ2(ρ)
2
1r +
eiθφ1(ρ)− φ2(ρ)
2
T ,
Ai =
1
2
ij
xj
ρ2
[(1− f(ρ))1r + (1− fNA(ρ))T ] , (1.88)
which is oriented to a specific direction. In (1.88)
T ≡ diag (1,−1r−1) , (1.89)
and z, ρ, θ are cylindrical coordinates. The profile functions φ1,2(ρ), f(ρ)
and fNA(ρ) satisfy the boundary conditions
φ1,2(∞) = v√
2N
, f(∞) = fNA(∞) = 0, (1.90)
φ1(0) = 0 , ∂rφ2(0) = 0 , f(0) = fNA(0) = 1 . (1.91)
The vortex oriented in a generic direction in color-flavor space can be written
as
M = U
(
φ1(ρ)1 0
0 φ2(ρ)1r−1
)
U−1, (1.92)
Ai = −1
2
ij
xj
r2
[
f(ρ)1r + fNA(ρ)UTU
−1] . (1.93)
The matrix U represents the coset
SU(r)/SU(r − 1)× U(1) ∼ CP r−1, (1.94)
and is expressed in terms of an r − 1 dimensional complex vector B as
U =
(
1 −B†
0 1r−1
)(
X−
1
2 0
0 Y −
1
2
)(
1 0
B 1r−1
)
=
(
X−
1
2 −B†Y − 12
BX−
1
2 Y −
1
2
)
,
where the matrices X and Y are defined by
X ≡ 1 +B†B , Y ≡ 1r−1 +BB† , (1.95)
This form of the unitary SU(r) matrices containing only the coset coordi-
nates B is known as the reducing matrix.
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Chapter 2
Four dimensional N = 2
theories from six dimensions
The recent progress in the understanding of supersymmetric field theories is
mostly due to their realization in string/M-theory, which allow to rephrase
most of the physical content of these models in geometric terms, leading
eventually to completely new insights [116, 117]. These constructions will
indeed play a role in our analysis and this chapter is devoted to reviewing
them. We will first outline the basic properties of the brane realization of
N = 2 theories proposed by Witten and its lift to M-theory [117] and we will
then review the fundamental work by Seiberg and Argyres [118] on the S-dual
description of superconformal theories. These results constitute the starting
point of the recent six-dimensional construction proposed by Gaiotto, which
will play a fundamental role in chapters 4 and 5 and represents the central
topic of this chapter. We will then briefly discuss the BPS quiver technique
developed by Vafa and Cecotti, which allows to extract several nontrivial
information about the BPS spectrum of a large class of N = 2 theories.
2.1 Type IIA string theory and Witten’s construc-
tion
In [117] Witten showed that the N = 2 linear quivers of unitary groups
can be constructed using a system of branes in Type IIA string theory.
The construction involves inserting NS5 branes located at x7,8,9 = 0 and
classically at a fixed position in the x6 direction. We also introduce parallel
D4 branes extended along the x0,1,2,3 and x6 directions. They are suspended
between consecutive NS5 branes or terminate on a fivebrane at one end and
go to infinity at the other end. Classically every fourbrane is located at a
fixed position in the (x4, x5) plane (see Figure 2.1). It will be convenient to
introduce the complex variable v = x4 + ix5.
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Figure 2.1: The brane diagram associated to a N = 2 SU(3)× SU(4) gauge
theory. The matter content is given by a hypermultiplet in the bifundamen-
tal, two in the fundamental of SU(3) and other two in the fundamental of
SU(4). The D4 branes extend along the x6 direction and are represented by
horizontal lines. Vertical lines describe the NS5 branes extended along the
x4,x5 coordinates.
Actually the fivebranes are not really sitting at a definite position in x6
as the classical picture suggests: the D4 branes pull them creating a dimple
and the x6 coordinate is actually a function of v which can be determined by
minimizing the worldvolume of the NS5 branes. Asymptotically (for very
large |v|) we have [117]
x6 = k
∑
i
ln |v − ai| − k
∑
j
ln |v − bj |+ const. (2.1)
where k is some constant and ai, bj are the v positions of the D4 branes
ending on the given fivebrane respectively from the left and from the right.
The fivebrane has asymptotically a well defined position in the x6 direction if
the forces exerted by the fourbranes from the left and from the right exactly
balance. We will see that this condition of mechanical equilibrium for the
brane system corresponds to the vanishing of the beta function for the four-
dimensional theory.
Since the D4 branes are finitely extended in the x6 direction, their world-
volume theory is macroscopically a four-dimensional field theory in x0,1,2,3
with eight supercharges. Open strings stretching between two D4 branes
suspended between the same fivebranes give rise to a SU(N) vectormulti-
plet (where N is the total number of fourbranes), whereas strings connecting
two D4 branes ending on the same fivebrane from the left and from the right
give a hypermultiplet in the bifundamental of the two gauge groups. We thus
end up with a linear quiver of unitary gauge groups. The infinite fourbranes
at both ends of the brane system give hypermultiplets in the fundamental of
the first and last gauge group respectively. See Figure 2.1 for an example.
The motion of the D4 branes in the v direction give a contribution to
the fivebrane kinetic energy, which is proportional to the integral on its
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worldvolume of |∂µx6∂µx6|. The integral converges only if∑
i
ai −
∑
j
bj = const. (2.2)
and this constant determines the mass parameter of the corresponding hy-
permultiplet in the bifundamental, which is more precisely given by the dif-
ference of the average position of the branes on the left and on the right.
The branes at the ends of the brane system are an exception, since they are
infinitely massive and cannot move. The difference between their position
and the average position of the neighbouring brane system can be identified
with the mass of the corresponding multiplet in the fundamental. Such a
costraint implies that the U(1) factor of each gauge group is “frozen”, and
the corresponding vectormultiplet is thus missing from the spectrum. This
is the reason why the gauge groups are SU(N) rather than U(N).
Apart from this restriction the ai’s and bj ’s are free to vary (with the ex-
ception of the semi-infinite branes) and their position depends on the choice
of vacuum of the four-dimensional theory. We thus recover the defining
property of N = 2 gauge theories of the previous chapter: the model is
characterized by a continuum of vacua, the moduli space. As we have seen
semiclassically this can be parametrized by the eigenvalues of the scalar field
in the vectormultiplet. In the present context these are naturally identified
with the positions of the D4 branes in the v complex plane.
Denoting with xα6 and x
α+1
6 the “position” of two consecutiveNS5 branes,
the coupling constant of the corresponding SU(Nα) gauge group is given by
the relation (λ is the string coupling constant)
1
g2
=
xα6 − xα−16
λ
.
Actually, the above relation between x6 and v forces us to interpret this ratio
as a function of v:
1
g2(v)
=
xα6 (v)− xα−16 (v)
λ
.
If we now interpret v as setting the mass scale we obtain from (2.1) that for
large v (or equivalently at high energies, where the one-loop approximation
is reliable)
v
g3
∂g
∂v
∝ −(2Nα −Nα−1 −Nα+1).
Since Nα−1 +Nα+1 is precisely the number of flavors coupled to the SU(Nα)
gauge group, we recover precisely the perturbative beta function of N = 2
theories.
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2.1.1 The lift to M-theory
We have seen that the brane system described above captures the semiclassi-
cal properties of the four-dimensional gauge theory. In order to see the effect
of quantum corrections, we will now lift the system to M-theory. This is con-
venient because in the type IIA description we have to deal with the ending
of a fourbrane on a fivebrane, which is hard to understand in detail. If we
consider the M-theory setup instead, all the relevant information is encoded
in the low energy limit of the theory, which is accessible. We then have to
understand how our brane system is embedded in R1,9×S1. The NS5 branes
arise from M5 branes which are sitting at a point on the M-theory circle,
whose coordinate we denote with x10. The D4 branes correspond instead to
M5 branes wrapping it. The theta angles of the various gauge groups are
encoded in the difference between the x10 coordinate of the corresponding
NS5 branes. If we define s = x6+ix10R , where R is the radius of the circle and
clearly x10 is periodic with period 2piR, we have the relation
iτα = sα−1(v)− sα(v),
where τ is the generalized coupling costant of the theory introduced in chap-
ter 1 and sα(v) is the (v dependent) position of the fivebrane. Equation (2.1)
now becomes
s =
∑
i
ln(v − ai)−
∑
j
ln(v − bj) + const. (2.3)
from which the previous relation clearly follows. The holomorphic depen-
dence of s on v is a consequence of supersymmetry.
The type IIA brane system is actually lifted to a single smoothM5 brane
wrapping a surface Σ and extended in x0,1,2,3. The s and v coordinates
parametrize the complex manifold Q ' R3 × S1. Supersymmetry demands
that Σ is a complex Riemann surface in Q. The low-energy effective theory
can now be understood in terms of the worldvolume theory of the M5 brane
which is free; all the information about the dynamics of the four-dimensional
field theory is encoded in the geometric properties of Σ, which turns out to
coincide with the SW curve describing the theory. It is known that the
worldvolume theory of the M5 brane contains a rank-two tensor field whose
field-strength is self-dual (remember that we are in six-dimensions). The
compactification on Σ will then lead to a four-dimensional abelian gauge
theory, in which the number of U(1) vectormultiplets is equal to (half) the
dimension of H1(Σ), which is equal to the genus of the Riemann surface or
more precisely of its closure (see [117]). This is exactly the relation between
the genus of the SW curve and the rank of the low-energy effective theory.
We thus see that the M5 picture captures directly the low-energy dynamics
of our field theory. The vevs of the scalar fields in the vectormultiplets specify
the embedding of Σ in Q.
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It is now convenient to introduce the variable t = e−s, since s itself is not
single-valued. The surface Σ will then be described by a polynomial equation
F (t, v) = 0, which can be determined by analyzing the boundary conditions
at large v and t and matching the number of solutions at fixed t or v with
the number of fourbranes and fivebranes respectively. The detailed analysis
of the moduli space of the theory which is the starting point for the SW
solution as I presented it in chapter 1 is replaced in the present framework
by the analysis of the asymptotic behaviour of the M5 brane. This can in
turn be determined using the equations given above. The SW differential
emerges from the holomorphic two-form defined on Q and can be written
as λSW = vt dt, independently on the specific model considered. F (t, v) was
explicitly determined in [117] and assumes the form
tnPk0(v) +
n−1∑
i=1
tn−iPki(v) + Pkn(v). (2.4)
where the Pi’s are polynomials in v with This is Witten’s proposal for the
SW curve associated to a linear quiver with n − 1 gauge groups. The i-th
gauge group is SU(ki), there are hypermultiplets in the bifundamental of
SU(ki) × SU(ki+1) for i = 1, . . . , n − 1 and there are k0 hypermultiplets in
the fundamental of the first gauge group and kn in the fundamental of the
last one. If we have only one gauge group (SQCD with N colors and Nf
flavors) the above formula reduces to
t2Pn(v) + tPN (v) + PNf−n(v) = 0; λSW =
v
t
dt.
Since this is not the formula given in chapter 1, let us see explicitly how to
recover it from the above expression: we simply have to multiply everything
by 4Pn(v) and define y = 2tPn(v) + PN (v). The curve becomes then y2 =
PN (v)
2 − 4QNf (v). If we replace v with x this becomes precisely the curve
given in chapter 1 if we identify the coefficient of the leading term in QN−f (v)
with Λ2N−Nf . It is easy to check that we recover the expected SW differential
as well. It is also possible to include other flavors adding D6 branes extended
along x0,1,2,3 and x7,8,9 to the brane system. Their effect when we lift the
brane system to M-theory is to replace Q ' R3×S1 with TAUB-NUT space
[117].
In [117] Witten also showed that if the number of suspended D4 branes
between any pair of NS5 branes is the same, it is possible to compactify the
x6 direction and achieve a brane description of elliptic quivers. From the field
theory point of view these can be obtained taking a linear quiver with SU(N)
gauge groups with N flavors in the fundamental for the first and last gauge
groups (always the sameN) and gauging the diagonal combination of the two
SU(N) flavor symmetries. The most notable example is the case with one
gauge group (or equivalently a single NS5 brane), which corresponds to N =
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2∗. This brane system can then be lifted to M-theory and from this we can
recover the SW curve associated to the theory, which will now be embedded
in an affine budle on the torus. In this case one U(1) factor is not frozen
by the constraint discussed before and the gauge group is SU(k)n ×U(1). I
refer the reader to the original paper for further details about this.
The M-theory construction can be generalized in some cases to N = 1
models as in [98, 119, 120, 121]. Adding e.g. a superpotential which breaks
extended supersymmetry, it was found that the curve wrapped by the M5
brane is embedded in a Calabi-Yau threefold rather than a twofold. However,
it is no longer true that this construction encodes in a simple way the infrared
dynamics of the theory. This picture is very effective in analyzing protected
quantities in the theory of interest (such as chiral ring operators...). It is a
special property of N = 2 theories that the prepotential, which encodes all
the information about the IR dynamics, is included in the list. Generically,
the less supersymmetry we have the less we can learn from the knowledge
of holomorphic quantities. Maybe it is possible to identify the M-theory
description for Yang-Mills theory as well. The point is that it is not clear at
the moment what we can learn from this.
Orthogonal and simplectic groups
What we have done so far can be repeated for linear quivers of alternating
SO-USp gauge groups and half-hypermultiplets in the bifundamental repre-
sentation of the “neighbouring” gauge groups. This can be done considering
the brane system described above and inserting an O4 orientifold plane along
the directions x0,1,2,3,6. An important point is that there are two kind of O4
planes that we will denote as O4+ and O4−, depending on the D4 charge
they carry. When an O4+ plane crosses an NS5 brane it becomes an O4−
plane and vice versa. If we have an O4+ plane between two fivebranes the
corresponding gauge group in four dimensions is USp(N), where N (which
must be even) is the number of D4 branes suspended between the two NS5
branes. If it is instead an O4− plane the group will be SO(N).
Also in this case we can consider elliptic quivers obtained compactifying
the x6 coordinate. This requires the insertion of the same number of D4
branes everywhere as for the unitary case. There is the further constraint
that the number of NS5 branes should be even (in order to gauge the di-
agonal combination of the two flavor groups, they obviously must be both
USp or both SO). As in the previous case the whole brane system can be
lifted to M-theory where it is described by a single M5 brane wrapping the
SW curve as before. In the M-theory setting the orientifold plane is replaced
by a Z2 orbifold (involving the coordinates x4,5,7,8,9). This setup has been
considered in [122, 123, 124] (see also [125, 126, 127] for a detailed discussion
on the orientifold procedure).
The SW curves describing these linear alternating quivers was found in
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[122]. The result is similar to the previous case:
tnPk0(v
2) +
n−1∑
i=1
tn−iPki(v
2) + Pkn(v
2). (2.5)
In these case we have only even powers of v. The degree 2k polynomial
Pk(v
2) describes either an SO(2k) or a USp(2k − 2) gauge group. In the
second case we have no constant term and the polynomial is always divisible
by v2. The first and last polynomials describe the flavors in the fundamental
of the extremal gauge groups and have degree respectively v2Nf or v2Nf+2
depending on whether the corresponding gauge group is USp or SO (Nf
counts the number of hypermultiplets).
2.2 Argyres-Seiberg duality
In this section we will be mainly intersted in N = 2 SQCD with zero beta
function. These models are conformal and possess a marginal coupling (the
generalized coupling of chapter 1) τ = θ2pi +
4pii
g2
. These models are character-
ized by a remarkable S-duality: there are infinitely many descriptions of the
same theory and going from one S-dual description to another the coupling
constant is changed, thus allowing sometimes to trade a strong-coupling limit
for a weak-coupling one.
As we have seen in chapter 1, unitarity requires that τ is valued in upper-
half complex plane. Since we have at our disposal S-duality, a different value
of τ does not imply that the theory is different: given a certain value of the
marginal coupling, all other values which can be obtained by acting with an
S-duality transformation actually correspond to the same theory, just written
in a different set of variables. The set of inequivalent values of τ in this sense
is the quotient of the upper-half plane by the action of the S-duality group
and I will refer to this space as the fundamental domain.
In this class the SU(2) theory with four flavors is special because the
S-duality group is SL(2,Z), which acts on τ as
τ → aτ + b
cτ + d
;
(
a b
c d
)
∈ SL(2,Z).
Its fundamental domain is the blue region in Figure 2.2, which is bounded
away from the real axis (which corresponds to the infinite-coupling limit).
This reflects the fact that the apparently infinite-coupling limits τ → 0, 1
actually correspond to a weak-coupling limit but in a different S-duality
frame.
For higher rank theories the situation is different: the S-duality group
is in general only a subgroup of SL(2,Z) and accordingly the fundamental
47
2 Four dimensional N = 2 theories from six dimensions
Figure 2.2: Picture of the upper-half complex plane. The fundamental domain
for the marginal coupling τ of SU(2) SQCD is the blue region. For the
parameter τ˜ of the SU(3) theory with six flavors it includes also the red
region. It is not bounded away from the real axis, signaling the presence of
the infinite coupling point.
domain is larger. For SU(3) for example, the S-duality group is Γ0(2), which
is generated by the transformations
τ˜ → τ˜ + 2; τ˜ → −1
τ˜
; τ˜ = 2τ.
Its modular domain is depicted in Figure 2.2 and includes the red region,
which is not bounded awy from the real axis. Whereas the limit τ → 0 is
equivalent to the weak-coupling limit in some S-dual description in this case
as well, the limit τ˜ → 1 is really an infinite-coupling limit. The question is
then: how can one characterize the physics in this limit? The answer to this
question was given by Argyres and Seiberg in [118], who found that at the
infinite-coupling cusp two superconformal sectors emerge, coupled through
a weakly-coupled SU(2) vectormultiplet. This does not correspond to a
weakly-coupled description, since one of the sectors is intrinsically strongly-
coupled, but removes the problematic infinite-coupling limit. Their analysis
is based on a detailed study of the SW curves describing these theories.
2.2.1 SU(3) SQCD with six flavors
Let us review their argument for the SU(3) theory with six flavors. In this
case the proposed dual description involves a rank one scale invariant theory
without marginal coupling (isolated SCFT) which has E6 flavor symmetry
discovered in [128]. This theory is described by the SW curve (setting to
zero the six mass parameters)
y2 = x3 − u4; ∂λSW
∂u
=
dx
y
.
The Coulomb branch coordinate u has scaling dimension three (requiring
that each term in the curve has the same dimension one can easily fix the
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scaling dimensions of x and y). The E6 group has an SU(2) × SU(6) sub-
group; in our context the SU(2) factor is gauged and we couple to it a
hypermultiplet. The claim is then that SU(3) N = 2 SQCD with six fla-
vors can be described by an SU(2) vectormultiplet coupled to two “matter”
sectors: one is just a doublet of SU(2) and the other is this complicated
interacting theory with E6 flavor symmetry
1 − SU(2)− E6 Minahan-Nemeschansky theory .
We will now provide some checks that substantiate the above conjecture.
First of all we can notice that the rank of the two theories agree: in both
cases the Coulomb branch is described by two coordinates of dimension two
and three. The flavor symmetry coincides as well, since in the proposed dual
description we have an SU(6) global symmetry coming from the strongly
coupled sector and a further U(1) is associated to the doublet of SU(2),
precisely matching the U(6) symmetry of the SU(3) theory. The number
of marginal couplings is the same only if the SU(2) gauge group is scale
invariant, which is true provided that the contribution to the SU(2) beta
function from the E6 theory is the same as three doublets. We will now see
that the SW curve confirms this prediction.
As we have seen in chapter 1 the curve describing the SU(3) theory with
six flavors is
y2 = (x3 − ux− v)2 − f(τ)x6, (2.6)
where f(τ) tends to one in the infinite coupling limit. In order to study this
limit it is convenient to factorize the curve as follows
y2 = [(1−
√
f)x3 − ux− v][(1 +
√
f)x3 − ux− v].
As f → 1 the curve clearly degenerates to a genus one curve. The dif-
ferential xdx/y = ∂λSW /∂u develops a pair of poles at infinity whereas
dx/y = ∂λSW /∂v remains holomorphic. This corresponds to the fact that
only one cycle vanishes in this degeneration limit. Setting u to zero the
residue vanishes, suggesting that it is the mass parameter associated to a
flavor symmetry. This symmetry is actually gauged in the original theory
and the limit f → 1 corresponds to turning off the gauge interaction. In
this limit a new flavor symmetry emerges and the Coulomb branch coordi-
nates associated to the decoupled gauge multiplet (in this case u) can be
interpreted as mass parameters. We thus see the emergence of the “hidden”
SU(2) gauge group.
As the curve degenerates we are then left with a rank one theory whose
Coulomb branch coordinate is v. The SW differential is just inherited from
that of SQCD. According to our proposed duality, this can be identified with
the E6 MN theory. The curve indeed confirms this claim: setting u = 0 the
SU(3) curve becomes
y2 = −v(2x3 − v); ∂λ
∂v
=
dx
y
.
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With the redefinition
x→ −ix
v
; y → 2y
v
; v → 2iv,
we finally get
y2 = x3 − v4; ∂λ
∂v
=
dx
y
,
which is precisely the curve for the E6 theory [128].
If we instead set to zero v we can recover the curve associated to the
emergent scale invariant SU(2) group: the curve (2.6) becomes
y2 = x2[(x2 − u)2 − fx4].
The factor x2 corresponds to a pinched cycle at x = 0 and we can scale to the
remaining genus one curve by redefining y → y/x. The curve then becomes
y2 = (x2 − u)2 − fx4; ∂λSW
∂u
=
dx
y
,
which is precisely the curve describing SU(2) SQCD with four flavors. This
confirms that the SU(2) group entering in our dual description is scale in-
variant, thus providing the marginal coupling we were looking for. As we
already said, in the limit f → 1, which corresponds to the infinite coupling
limit of the original theory, this SU(2) theory becomes again weakly coupled
but in a different S-duality frame (in which the new f encoding the marginal
coupling tends to 0 [118]). This argument confirms that the contribution to
the SU(2) beta function coming from the E6 theory is three times that of a
hypermultiplet.
As is well known, the beta function can be determined computing in the
background field formalism the two point function for the background gauge
bosons. The contribution from matter fields is in turn proportional to the
two point function of the gauge current JaµTa. We have the general formula
Jaµ(x)J
b
ν(0) =
3k
4pi4
x2gµν − 2xµxν
x8
+
2
pi2
fabc
xµxνx
ρJρc(0)
x6
+ . . . ,
where the dots indicate less singular terms and fabc are the structure con-
stants. k is called flavor central charge and in this normalization is exactly
twice the contribution to the beta function [118].
The scale invariance of the SU(2) theory then implies that kSU(2)⊂E6 = 6.
It was shown in [118] that if we gauge a subgroup H of the global symmetry
group G of a theory, the corresponding central charges satisfy the relation
kH⊂G = IH↪→GkG,
where I is the embedding index, which is defined as follows: consider a
representation r of G (the result is indeed independent on the representation
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chosen) and see how it decomposes as
⊕
i ri, where ri are representations of
H. The index is given by the formula
IH↪→G ≡
∑
i T (ri)
T (r)
.
This ratio turns out to be one both for SU(2) and SU(6) (see Appendix C
of [118]), and from this we can easily conclude that the E6 central charge is
6. This remarkably allows to determine exactly the leading term of the two
point function of the current and at the same time provides a check of our
duality: If we gauge the SU(6) flavor symmetry we can easily determine the
contribution to the beta function on the SQCD side (since the gauge group
is SU(3) it is equal to that of three multiplets in the 6). This tells us that
the SU(6) central charge is equal to 6 and the dual description should allow
to recover this result. This is clearly true from the above discussion.
Another interesting observation comes from the evaluation of the U(1)
flavor central charge. On the SU(3) side we find kU(1) = 36 and on the dual
side, since the only field charged under U(1) is the doublet of SU(2), we get
kU(1) = 4q
2 where q is the charge of the doublet. Matching the two we find
q = 3, which suggests that this doublet is an SU(3) magnetic monopole,
since 3 is precisely the U(1) charge of a monopole neutral under SU(6) as
discussed in [118]. This implies that the “emergent” SU(2) is not a subgroup
of SU(3).
So far this duality has remarkably passed several other checks than those
just dicussed, such as the matching of the a and c central charges, which can
be computed independently for the E6 theory exploiting its holographic dual
[129] or using the field theory argument proposed in [130] (see also [131]),
and the matching of the Higgs branch [132].
2.2.2 USp(4) SQCD with six flavors
This is the second example discussed by Argyres and Seiberg and will play
an important role in chapter 4. In this case the duality involves a strongly
coupled theory with E7 flavor symmetry introduced in [133]. The proposed
S-dual description is
SU(2)− E7 Minahan-Nemeschansky theory .
By this we mean that we gauge an SU(2) subgroup of E7, whose commutant
is SO(12). The commutant is just the flavor symmetry of the resulting
theory as in the previous case, matching the global symmetry of USp(4)
scale invariant SQCD.
The curve describing the massless USp(4) theory with six hypermulti-
plets is (see chapter 1) y2 = x(x2 − ux− v)− fx5. We can rewrite it as
y2 = x[(1−
√
f)x2 − ux− v][(1 +
√
f)x2 − ux− v].
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In this case x has scaling dimension two and the infinite coupling limit is
f → 1 as before. We can take as a basis for the holomorphic differentials
ωu = xdx/y and ωv = dx/y. The first develops a pair of poles at infinity in
the limit f → 1, whereas the second remains holomorphic. The analysis we
have done for SU(3) then applies also in this case.
Setting v = 0 and rescaling y as before we identify the scale invariant
SU(2) theory:
y2 = x[(x− u)2 − fx2]; ωu = dx
y
.
The equivalence of this curve with the one written in the previous section is
discussed in [76]. Setting instead to zero u we find the curve describing the
isolated rank one SCFT
y2 = −v(2x3 − vx); ωv = dx
y
.
Making now the change of variables
y = − y˜
2u
; x = − x˜
2u
,
we recover precisely the curve for the E7 SCFT of Minahan and Nemeschan-
sky [133]:
y˜2 = x˜3 − 2u3x˜; ωv = dx˜
y˜
.
We can now repeat the checks performed for SU(3): we have on both sides
of the duality one marginal parameter, the scale invariance of the SU(2)
theory requires that the flavor central charge is 8. If we gauge the SO(12)
flavor symmetry on the SQCD side we find a USp(4)×SO(12) gauge theory
with one half-hypermultiplet in the bifundamental, so the contribution to
the SO(12) beta function is four, or equivalently its flavor central charge
is 8. Combining this with the previous result we find that necessarily the
embedding indices of the two groups in E7 should be the same and the direct
evaluation shows that they are both equal to one. This implies in particular
that the E7 flavor central charge is 8.
Also in this case we can test the duality matching the value of the a and
c central charges on both sides using the techniques of [129, 130]. These
results have been generalized to a variety of cases in [134], using arguments
similar to those proposed in this section. We will now see how the setting
introduced by Gaiotto allows to easily identify all possible dualities of this
kind in a very broad class of N = 2 theories.
2.3 Six-dimensional SCFTs and M5 branes
One of the basic aspects of M-theory is the presence of extended objects of di-
mension two and five calledM2 andM5 branes. Understanding their proper-
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ties is very hard and in particular the determination of their worldvolume the-
ories is a challenging problem (see [135] and for a review [136]). The world-
volume theory on M2 branes was found in [137] (see also [138, 139, 140]).
The analogous problem for M5 branes is still open and even in the case of
a single brane, whose worldvolume theory is known to be free, determining
the action is a nontrivial task due to the self-duality condition for the three-
form field strength [141] 1. This should be a six-dimensional SCFT with
N = (2, 0) supersymmetry, whose dimensional reduction to 5d gives max-
imally supersymmetric YM theory. Basically, we know only the susy mul-
tiplet, which includes a two-form (with selfdual field strength), two spinors
and five scalars. Since an action is lacking we don’t have a path integral
definition for the theory, which remains mysterious.
However, as we will see these basic properties of the 6d SCFT are enough
to learn a lot about its compactified version and the resulting lower dimen-
sional theories. These ideas are particularly important in the study of N = 2
theories in four dimensions, as found by Gaiotto in [44]: the 6d construc-
tions are suited to analyze in a systematic way all possible Argyres-Seiberg
like dualities, considerably enlarge the landscape of N = 2 SCFTs, allow
to identify a connection between the instanton partition function of N = 2
theories and conformal blocks of 2d CFTs (AGT) [144, 145] and provide an
algorithm that allows to identify the SW curve for any theory which can
be constructed in this way (usually called class S theories). This section is
devoted to review the basic aspects of these recent developments.
2.3.1 Rank one theories
The Gaiotto curve
Let us start from the simplest example of N = 2 superconformal theory:
SU(2) SQCD with four flavors. As we have seen the theory has a marginal
coupling τ which lives in the upper-half complex plane and, modulo the ac-
tion of the S-duality group SL(2,Z), we can restrict to consider the modular
domain. The first step is to recognize that this coincides with the complex
structure moduli space of a sphere with four (equivalent) marked points. If
we call z the coordinate parametrizing the sphere, we can assume that three
of them are located at z = 0, 1,∞. We cannot fix the position of the fourth
marked point, which will be located at a generic point z = q. What is the
relation between our field theory and this auxiliary four-punctured sphere?
In order to answer this question, let us manipulate a little bit the SW
curve of the theory. As we have seen, the parametrization one obtains from
1This problem is similar to the one arising in type IIB supergravity (see [142]), where
the RR four-form has a selfdual five-form field strength. It can be solved using e.g. the
technique proposed in [143].
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Witten’s construction is
z2(v −m1)(v −m2) + c1z(v2 − u) + c2(v −m3)(v −m4) = 0, (2.7)
and the corresponding SW differential is λSW = vzdz. Let us set to zero the
mass parameters for the moment. Collecting all terms with the same power
of v and with a simple redefinition of z we can bring it to the form
(z − 1)(z − q)z2x2 = uz λSW = xdz,
where we have defined x = v/z. Dividing now by z2(z − 1)(z − q) we get
x2 =
u
z(z − 1)(z − q) or λ
2 =
uz
(z − 1)(z − q)
(
dz
z
)2
≡ φ2(z), (2.8)
where we have defined the quadratic differential φ2(z) and exploited the
particular form of the SW differential. We can now see the connection
with the four-punctured sphere introduced previously: in the formula above
we have written the SW curve as a double cover of the sphere, and the
quadratic differential φ2(z) defined on it has simple poles precisely at four
points (0, 1, q,∞). The information about the marginal coupling is encoded
in q. This fact suggests that we can actually identify the base of the fibration
with our auxiliary four-punctured sphere, which is usually referred to as the
Gaiotto curve.
This correspondence can be easily generalized: let us consider e.g. the
conformal quiver with SU(2)2 gauge symmetry
2 − SU(2)− SU(2)− 2 ,
with a bifundamental hypermultiplet and two doublets charged under each
SU(2) factor (that we have indicated with a 2 inside the box). This theory
has two marginal couplings and their fundamental domain coincides with the
moduli space of a theory with five identical marked points. Its SW curve
and differential can be written as
z3y2 + c1z
2(y2 − u1) + c2z(y2 − u2) + c3z2; λSW = y
z
dz.
With the same manipulations described above we can bring it to the form
x2 =
u1z + u2
z(z − 1)(z − a)(z − b) λSW = xdz.
We recover the same structure encountered before: the SW curve is the
double cover of a sphere and the corresponding quadratic differential
φ2 =
u1z
2 + u2z
(z − 1)(z − a)(z − b)
(
dz
z
)2
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has five simple poles. We can indeed repeat this procedure for a longer quiver
with n SU(2) gauge groups and write the SW curve in the universal form
x2 = F (z), λSW = xdz φ2(z) = F (z)(dz)
2, (2.9)
where the quadratic differential has simple poles at n+ 3 punctures.
We have seen that the SW curve describing a linear quiver of SU(2)
groups can always be written as a double cover of a sphere with a certain
number of punctures (which correspond to the poles of the quadratic differ-
ential). What happens if we turn on the mass parameters for the doublets
and the bifundamentals? The answer is that the simple poles of the quadratic
differential become double poles. This can be easily checked in the SU(2)
Nf = 4 theory going back to the curve (2.7) and repeating the above ma-
nipulations. This result should not be surprising: as we have seen in chapter
1 the SW differential can have simple poles and the corresponding residues
are just proportional to the mass parameters of the matter fields. From the
relation λ2 = φ2(z) we can easily see that a double pole for φ2 corresponds
to a simple pole for λ. As we turn off the mass parameters the double pole is
replaced by a simple one and the corresponding residue of the SW differential
vanishes as it should.
With a further fractional linear redefinition of z and a redefinition of mass
parameters described in detail in [44], we can also rewrite the SW curve in
such a way that the behaviour of x near the punctures is x ∼ ±m/z (+ on
one sheet and - on the other), for some mass parameter. This fact is not
automatic in Witten’s parametrization and tells us that in a neighbourhood
of the puncture we can approximate the SW curve as x2 −m2 = det(xI2 −
M2) = 0, where M2 = 1zdiag(m,−m). Indeed, we can think of M2 as the
Cartan element of an SU(2) symmetry group of the theory, and m is the
corresponding mass parameter. Having n + 3 punctures (as is the case for
the SU(2)n theory) thus tells us that the flavor symmetry of the theory is
SU(2)n+3, which is indeed the right result: every bifundamental contributes
an USp(2) = SU(2) factor (as the bifundamental of SU(2) is real) and each
group of two doublets at the ends of the quiver contributes a further SO(4) '
SU(2)×SU(2). The case n = 4 is special since the flavor symmetry enhances
to SO(8): in this setting we are not taking into account the possibility of
“mixing” the two pairs of doublets, which is indeed possible in this particular
case. This discussion taught us that the flavor symmetry of the theory is
encoded in the punctures of the corresponding sphere.
SU(2) generalized quivers
Let us now go back to the SU(2) theory with four flavors. We have seen that
the SW curve is just the double cover of a sphere with four punctures, whose
complex structure moduli space can be in turn identified with the funda-
mental domain of the marginal coupling of the theory. However, we did not
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discuss a key point underlying this fact: the singularity of the fundamental
domain, which corresponds to the weak coupling limit, has a transparent ge-
ometric interpretation in this setting, since it corresponds to a degeneration
limit of the four-punctured sphere. At the level of the SW curve (2.8) this
amounts to sending q to infinity, which corresponds as expected to taking
the weak coupling limit. Clearly, we can also send q to 0 or 1: the sphere
degenerates also in these cases. However, from the field theory analysis we
know that these limits are actually equivalent to the process we have just de-
scribed: we can always find an S-dual description of the theory in which the
SU(2) gauge group becomes weakly-coupled. This fact has a nice geometric
counterpart in our setting: the four punctures are all on the same footing
and the three collision processes mentioned above are perfectly equivalent to
each other.
We can understand the decoupling of the gauge multiplet as follows:
when q is sent to infinity (2.8) becomes
λ2 =
uz
z − 1
(
dz
z
)2
.
The quadratic differential has now simple poles at 0 and 1 and a double pole
at infinity, which corresponds to a pole for the SW differential. The residue
is proportional to u, the Casimir of the SU(2) gauge group. When we turn
off the gauge coupling our theory degenerates to two decoupled sectors, each
one having an SU(2) flavor symmetry. From the SW curve this can be seen
noticing that the Coulomb branch coordinate u in the degenerated theory
can be interpreted as the mass parameter associated to the new SU(2) flavor
symmetry (it is the residue of the pole of the SW differential).
It is not harder to analyze this phenomenon in the general case: a sphere
with many punctures will have many marginal couplings with an intricate
fundamental domain. All its singular points correspond to degeneration
limits of the sphere, which are described by the collision of a certain number
of punctures. There is always an S-duality frame in which this corresponds
to the weak-coupling limit of some SU(2) groups and this is captured by the
way in which the sphere degenerates. We have thus found an easy graphical
rule which encodes all possible S-dual descriptions, even for very complicated
theories.
In figure 2.3 we have depicted this for the sphere with five punctures:
the collision of the right-most two punctures correspond to decoupling one
of the two SU(2) factors. We thus expect to end up with SU(2) SQCD
with four flavors and a decoupled free sector. This is indeed confirmed by
the curve: after the collision we are left with a four-punctured sphere, which
describes precisely the scale-invariant SU(2) SQCD, and a three punctured
sphere. What does it correspond to? The answer is easy: it must describe
the decoupled free sector, i.e. two doublets of SU(2), or equivalently an
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Figure 2.3: A sphere with more than three punctures describes a linear quiver
of SU(2) gauge groups. All possible degeneration limits correspond to a weak-
coupling limit in a suitable S-duality frame. On the left we have a sphere
with five punctures describing a theory with SU(2)2 gauge symmetry. The
collision of two punctures is equivalent to the weak-coupling limit of one of
the two SU(2) factors (on the right).
half-hypermultiplet in the trifundamental of SU(2)3. We can now go on
and degenerate the sphere with four punctures thus decoupling the second
SU(2) group. We then find four doublets of SU(2), which is twice the matter
content of the three-punctured sphere. This is confirmed graphically: the
degeneration of the four punctured-sphere produces precisely two spheres
with three punctures.
So far we have discussed the decoupling process: any sphere with an ar-
bitrary number of punctures can be degenerated to a collection of spheres
with three punctures. Of course we can also do the opposite and recover the
original theory just gauging the diagonal combination of the SU(2) flavor
symmetries associated to two puncures. Graphically, this amounts to con-
necting the two punctures with a tube, thus gluing together the two spheres.
We can actually construct several new theories using this procedure:
starting from a collection of three-punctured spheres we can connect them in
many ways and build Riemann surfaces of arbitrary genus with any number
of punctures. As we have seen, on the field theory this amounts to gauging
the diagonal combination of the various SU(2) global symmetries associated
to the punctures. In this way we construct the so-called generalized quivers.
Only the theories associated to surfaces of genus 0 and 1 can be engineered
using a brane system in type IIA. This approach thus allow to greatly extend
Witten’s construction.
Conversely, starting from a given punctured surface we can decompose it
into a collection of three punctured spheres. Indeed, the same surface can be
decomposed in many different ways. Any such decomposition corresponds
to a singular point of the fundamental domain, in which the theory becomes
weakly coupled in a certain S-duality frame. All degenerations limits are
connected to each other by an S-duality transformation.
We have seen that for genus 0 the curve can always be written in the
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form
λ2 = φ2(z); λ = xdz.
In [44] it is shown that also the curve proposed by Witten for elliptic quivers
can be recast in the above universal form, where now the Gaiotto cuve is a
punctured torus and φ2(z) is a quadratic differential defined on it, with poles
at all the punctures. The simplest example in this class is the N = 2∗ theory.
We can obtain it in the following way: consider a three punctured sphere
and connect two of its punctures with a handle. The Gaiotto curve now is a
punctured torus. As we have seen this corresponds to gauging the diagonal
combination of the corresponding SU(2) flavor symmetries. The matter
fields described by it transform in the 2 ⊗ 2 = 3 ⊕ 1 of the SU(2) gauge
group. The neutral multiplet decouples and we are left with a hypermultiplet
in the adjoint, which is precisely the matter content of N = 2∗ theory. The
SU(2) flavor symmetry and mass parameter of the adjoint hypermultiplet are
encoded in the puncture. Setting to zero the mass, supersymmetry enhances
to N = 4.
One of the great virtues of the present setting is that we can straightfor-
wardly identify the SW curves associated to all these exotic theories: they
are simply given by the above curve, where φ2(z) is a differential defined
on the genus g Riemann surface with poles at all the punctures. Another
important point that I would like to stress is the following: let us consider
the following SW curve
y2 = x3 + 3τu2x+ 2u3.
We can now ask what is the N = 2 theory associated to it. The answer is not
unique [146]: both SU(2) SQCD with four massless flavors and N = 4 SU(2)
SYM are described by it. The SW curve may be insufficient to distinguish
various theories between each other. We can instead immediately distinguish
these two models focusing on the Gaiotto curve: in the first case it is a sphere
with four punctures and in the second a torus with one puncture. The point
is that the SW curve is a two-sheeted covering of the Gaiotto curve. Focusing
just on it we have control only on the total space of the fibration whereas,
if we consider the Gaiotto curve, which is the base space, we achieve control
on the whole fibration and this allows to extract more information. In our
example the total space of the covering is in both cases a torus, which is
basically the information encoded in the SW curve written above. One can
now wonder whether this framework has the same problem or not: identifying
the Gaiotto curve is always enough to distinguish two theories? The six
dimensional origin of these theories that we will now discuss suggests that
the uniqueness of the theory is guaranteed.
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The six-dimensional construction
We have seen that linear and elliptic quivers can be constructed considering
a system of branes and the rank of each gauge group is specified by the
number of D4 branes suspended between two NS5. This system can in turn
be lifted to a single smoothM5 brane, which captures the infrared dynamics
of the theory.
We can also adopt a different viewpoint, as explained in detail in [44, 174],
and interpret each D4 brane as an M5 brane wrapping another surface, a
sphere in the case of linear quivers and a torus in the elliptic case. We thus
have a system of parallel M5 branes, as many as the number of D4 branes
(two in the case of SU(2) quivers), wrapping a surface which turns out to be
precisely the Gaiotto curve. Whereas in Witten’s setup the single M5 brane
is smooth, in this case the intersection of the NS5 branes with our brane
system will produce singularities, leading to a punctured Riemann surface.
These precisely correspond to the punctures discussed before. In the case
of linear quivers, we have other two punctures at zero and infinity which
correspond to the semi-infinite D4 branes at the ends of the quiver. This fits
well with our analysis: a quiver with n gauge groups is constructed inserting
n+ 1 NS5 branes, taking into account the singularities at zero and infinity
we find precisely n+ 3 punctures which is the expected result.
The worldvolume theory of two coincident M5 branes is the mysterious
A1 six-dimensional SCFT discussed previously. The above discussion teaches
us that we can obtain the four-dimensional N = 2 linear and elliptic quivers
by compactifying it on the corresponding Gaiotto curve. Actually, there is no
reason to restrict to these two cases: we can compactify the A1 theory on an
arbitrary punctured Riemann surface and, with a suitable twist described in
detail in [44], the compactification can be done preserving eight supercharges,
which form the N = 2 superalgebra of the four-dimensional theory.
The A1 theory has a protected operator of R-charge two, which descends
to a quadratic differential defined on the compactifying surface. This is pre-
cisely the φ2 entering in the SW curve of the theory. In this framework
the punctures correspond to codimension-two defects of the six-dimensional
theory sitting at a point in the Riemann surface and extending along the
flat four-dimensional spacetime. The existence of these defects is in a sense
a prediction of this construction and their properties are still poorly under-
stood. For our purposes we can limit ourselves to say that their effect in the
compactified theory is to encode the flavor symmetry of the four-dimensional
theory. The generalized quivers studied before can alternatively be defined
in this way. This construction ensures the uniqueness of the theory, as we
mentioned in the previous section. At low energies, the M5 branes recom-
bine into a single smooth object, thus recovering Witten’s construction. This
is why the gaiotto curve is sometimes referred to as the UV curve.
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2.3.2 Rank two theories
What we have said so far for rank one theories can be extended to the rank N
case. Let us start from the simplest case of rank two. Starting from Witten’s
curve for a quiver of SU(3) gauge groups we can bring it to a canonical form,
rather as for rank one theories. The required manipulations are similar: we
have to collect the same powers of v and define x = v/z. This brings the
SW differential to the by now familiar form λ = xdz. The curve will become
instead
λ3 = λφ2(z) + φ3(z),
where φ2 and φ3 are respectively quadratic and cubic meromorphic differen-
tials on the sphere. As in the rank one case, these theories can be constructed
compactifying on a certain punctured sphere the rank two 6d (2, 0) theory.
This theory has protected operators of R-charge two and three, correspond-
ing to the Casimirs of the A2 algebra. Once we have compactified the theory,
they become precisely the φi differentials appearing in the SW curve.
We will now work out the main properties starting from the simplest
example: SU(3) SQCD. We have seen that the fundamental domain for its
marginal coupling is the quotient of the upper-half plane under the action
of Γ0(2). This can in turn be interpreted as the complex structure moduli
space of a sphere with two couples of equivalent punctures as in Figure 2.4 on
the left. Comparing with the rank one case, we expect this auxiliary sphere
to be related to the SW curve. Indeed, this will be manifest once we have
manipulated the SW curve as above. Let us do that explicitly: Witten’s
curve (for the massless theory) is
v3z2 + c1z(v
3 − u2v − u3) + c2v3 = 0.
Collecting powers of v and rescaling z it becomes
(z − 1)(z − q)v3 = vu2z + u3z.
Introducing now x = v/z we can bring it to the desired form
x3 = x
u2
z(z − 1)(z − q) +
u3
z2(z − 1)(z − q) ; λ = xdz. (2.10)
We can easily see that the quadratic differential has a simple pole at 0, 1, q,∞,
whereas the cubic differential has a simple pole at 1, q and a pole of degree
two at 0 and∞. This is precisely what we expected: the punctures at 1 and
q are identical, those at 0 and∞ are equal too, but the two pairs of punctures
are different, since the cubic differential has poles of different degree. For
reason that will become clear later on, I will call the former minimal and the
latter maximal.
As in the SU(2) case, the parameter q can be “identified” with the
marginal coupling and the degeneration limits, i.e. when two punctures
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Figure 2.4: Possible degeneration limits of the Gaiotto curve describing
SU(3) SQCD with six flavors. The collision of a maximal and a simple
punctures corresponds to the weak-coupling limit (above). The collision of
the two simple punctures (below) corresponds to the infinite coupling limit,
in which the SU(2) gauge group entering the Argyres-Seiberg description be-
comes weakly-coupled.
collide, correspond to the singular points of the fundamental domain or
equivalently to the weak and infinite coupling limits. From the field the-
ory perspective we expect the limits q → 0,∞ to correspond both to weak
coupling in different S-dual descriptions, whereas the infinite coupling point
q → 1 has a different structure. This fits perfectly with the geometric pic-
ture (see Figure 2.4): the first two cases correspond to the collision of a
maximal puncture with a minimal one. The third process is different, being
associated to the collision of two minimal punctures. We will now see how
Argyres-Seiberg duality is automatically encoded in this formalism.
Let us see why the limit q → 0 (q → ∞ is analogous) truly corresponds
to weak coupling: taking this limit in the curve (2.10) the pole structure at 1
and∞ remain unchanged, whereas the puncture at zero is now characterized
by a double pole for the quadratic differential and a cubic one for the cubic
differential. This means that the SW differential has now a simple pole at
zero, whose residue depends on two parameters (u2 and u3). As we have
seen before, these should be interpreted as mass parameters associated to an
“emergent” flavor symmetry of rank two and whose Casimirs have dimensions
two and three, so an SU(3) group. In the original theory this symmetry is
gauged and in our limit the interaction becomes weaker and weaker. At
t = 0 the SU(3) gauge multiplet is completely decoupled and we are left
with a collection of hypermultiplets. On the geometric side the Gaiotto curve
degenerates and we end up with two identical three-punctured spheres, each
describing 3× 3 = 9 hypermultiplets.
In the q → 1 limit we find a different situation (see Figure 2.4): the
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punctures at zero and infinity remain maximal whereas the puncture at z = 1
has now quadratic pole both for the quadratic and cubic differentials. This
time the residue of the SW curve is proportional only to u2, thus suggesting
that the gauge group which decouples in this limit is an emergent SU(2).
This is precisely what happens in the Argyres-Seiberg dual description! Can
we recover the E6 theory as well? The answer is yes and it can be seen as
follows: we have seen that u2 is related to the SU(2) mass parameter in the
degeneration limit. In order to isolate the E6 sector, let us then turn it off
(notice that this precisely parallels the analysis of Argyres-Seiberg duality
in the previous section). The SU(3) curve (2.10) becomes
x3 =
u3
z2(z − 1)2 ; λ = xdz.
First of all notice that this curve describes a sphere with three full punctures.
We thus learn that the collision of two minimal punctures produces a full
one. The second observation is that this theory has a Coulomb branch of
dimension one, parametrized by the coordinate u3 which has dimension three
(exactly as the E6 theory). Let us now define y = xz and rewrite the curve
as
(z − 1)2 = u3z
y3
.
We can now rescale the Coulomb branch coordinate u3 = 2v and introduce
t = z − 1− v
y3
, bringing the curve to
t2 =
v
y3
(
v
y3
+ 2
)
.
If we now multiply everything by y6 and redefine w = ty3 we finally get
w2 = v(2y3 + v);
∂λ
∂v
= −dy
w
.
With the redefinition v → −v, this becomes exactly the curve describing the
E6 theory we have encountered while discussing Argyres-Seiberg duality!
As discussed previously, in the rank one case all punctures are related
to an SU(2) flavor symmetry. I would now like to discuss how this general-
izes to the rank two case. If we turn on mass parameters in the M-theory
curve and repeat the above steps to bring it to the canonical form, we can
easily see that the order of the poles increases and the SW differential now
has simple poles at the punctures with residue proportional to the mass
parameters. It can be seen that modulo a fractional linear redefinition of
z discussed in [44] the curve can be approximated near the punctures as
det(xI3 −M3) = 0, where M3 = diag(m,m,−2m) for a minimal puncture
and M3 = diag(m1,m2,−m1 − m2) for a full one. These matrices can be
thought of as the cartans of the corresponding flavor group, which is U(1)
for a minimal puncture and SU(3) for a full one.
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We can repeat the above analysis for linear quivers of n SU(3) gauge
groups. The final result is that the corresponding Gaiotto curve is a sphere
with n + 3 punctures, two maximal and the other minimal. With the pro-
cedure described before we can bring the SW curve to the canonical form,
in which it is manifestly a three-sheeted covering of the Gaiotto curve. This
reflects the fact that all these models can be realized compactifying the 6d
A2 theory on the Gaiotto curve. The simple punctures reflect the presence
of the NS5 branes and the full punctures are associated to the three semi-
infinite D4 branes at the ends of the brane system. At low energies the
three M5 branes recombine into a single smooth object, recovering Witten’s
description.
According to the above rule this corresponds to a SU(3)2×U(1)n+1 flavor
symmetry, which matches precisely the flavor symmetry of the theory. The
only exception is the case n = 1: in this case the symmetry enhances to
U(6) but in this description only a U(3)2 symmetry is manifest. We have
already encountered another case in which the symmetry enhances2: in this
framework the E6 Minahan-Nemeschansky theory is described by a three-
punctured sphere, whose naive flavor symmetry is SU(3)3, which is just a
subgroup of E6.
We can now play with these theories as in the rank one case: our sphere
can be degenerated to a collection of three-punctured spheres in many dif-
ferent ways, all these decompositions are linked by repeated S-dualities or
Argyres-Seiberg dualities. We can now use these spheres to build other the-
ories: on the field theory side this can be done by gauging the diagonal
combination of the global symmetries associated to the punctures of two dif-
ferent spheres. The geometric counterpart of this operation is to connect the
corresponding punctures with a tube. In this way we can form surfaces of
arbitrary genus with any prescribed number of punctures. In the rank one
case we had only one basic building block. In this case we have two: the
E6 theory (three full punctures) and the sphere with two maximal and one
minimal punctures. This arises from the weak-coupling limit of the SU(3)
theory analyzed before and as we have seen describes a free theory of nine
hypermultiplets.
Among the theories associated to surfaces of nonzero genus, which are
almost all new, a distinguished class is represented by those obtained con-
necting together all the full punctures of a collection of n spheres with two
maximal and one minimal punctures: this corresponds to a genus one Gaiotto
curve with n simple punctures. These represent the elliptic quivers discussed
by Witten in [117]. Indeed, starting from its curve one can bring it to the
2this raises the question of how one can recover the full flavor symmetry of the theory
in nonlagrangian cases. This can be done exploiting the fact that the mirror dual of the
N = 4 3d theory obtained compactifying the theory on S1 is lagrangian [147, 148]. The
algorithm which determines the full flavor symmetry of the theory is given explicitly in
[149]
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canonical form and show that it corresponds to a degree three covering of the
Gaiotto curve as expected. Again the simple punctures correspond to trans-
verse NS5 branes. The simplest example is the case n = 1 which describes
N = 4 SU(3) SYM.
We are anyway facing a further difficulty with respect to the rank one
case: one of the basic building blocks has no lagrangian description, so it
is not clear from the field theory perspective what kind of theory we get
using it. These models are best described exploiting the six-dimensional
construction. An important feature of this framework is that the SW curve
can be easily obtained for all these theories: we know a priori that we are
looking for something of the form λ3 = λφ2 + φ3; λ = xdz, where φi is a
degree i differential, with poles of prescribed order at the punctures. The set
of differentials satisfying this constraint is a vector space Vi, whose dimension
can be immediately found using Riemann-Roch theorem:
dimVi =
∑
k
pk,i + (g − 1)(2i− 1), (2.11)
where the sum runs over the punctures, pk,i is the order of the pole at the
k-th puncture and g is the genus of the surface. Once we have found dimVi
independent differentials with this property we can simply take a generic
linear combination and plug it into the above formula for the curve. The co-
efficients of the linear combination are just the Coulomb branch coordinates
of dimension i. We thus see that the Coulomb branch of any theory is really
a graded vector space. Let us give a simple example: the three-punctured
sphere with only maximal punctures (we can assume they are located at
z = 0, 1,∞). Just from this information the above formula tells me that
dimV2 = 0 and dimV3 = 1. So there is only one cubic differential (modulo
rescaling), which is
φ3 =
z
(z − 1)2
(
dz
z
)3
,
and we get directly from this the curve describing the E6 theory. We have
thus found an algorithmic procedure that allows to extract the SW curve
immediately.
2.3.3 Higher rank generalized quivers
The canonical form for the SW curve in this case is
λN =
N∑
k=2
λN−kφk(z); λ = xdz.
The basic ingredients can be identified analyzing the linear superconformal
quivers as before, which correspond to the compactification of the six di-
mensional rank N − 1 theory on a sphere with punctures, or in the presence
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Figure 2.5: The quiver on the left and the corresponding Gaiotto curve on
the right. The leftmost and rightmost punctures encode the rank of the gauge
groups: the length of the rows give the difference between the ranks of two
adiacent groups. In this case the first puncture has rows of length 4,3,1 and
correspondingly the groups are SU(4), SU(4 + 3 = 7) and SU(7 + 1). The
last Young tableau has a single row, which tells that the quiver ends with an
SU(8) group. In between we can have only simple punctures, as many as
the number of gauge groups plus one. Notice that the flavor symmetry of the
theory is perfectly reproduced by adding the contribution of each puncture.
of codimension two defects (see Figure 2.5). In this case the 6d theory has
protected operators with R-charge 2, . . . , N , which become differentials on
the compactifying surface. Their vevs give the φi’s entering in the curve. I
refer the reader to [44] for the details.
In this case one finds a proliferation of punctures which can be conve-
niently described by Young tableaux with N boxes (for rank N − 1 theo-
ries), which encode the poles of the various differentials. All possible Young
tableaux correspond to some puncture except the totally antisymmetric one
(one column). In the rank one case we then have only one possibility and in
the rank two case there are two, which is the right result. The corresponding
flavor symmetry is
S(ΠkU(nk)),
where nk is the number of columns of length k. This can be determined
by studying the linear quivers and requiring that the global symmetry asso-
ciated to the punctures matches the flavor symmetry of the corresponding
theory. All conformal linear quivers are described by a sphere with two
generic punctures and a collection of minimal punctures (the corresponding
Young tableau has one row of length two and the others of length one) (see
Figure 2.5) and elliptic quivers correspond to a torus with minimal punctures
only. All other theories do not have a brane construction and are essentially
a new outcome of this formalism.
Let us explain how the Young tableaux encode the pole orders of the
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various differentials at the punctures. This will provide an algorithm which
allows to extract the SW curve just from these data. The procedure is the
following [149]:
• Number the boxes of the Young tableau as follows: start with zero
in the first box and number the boxes in the first row with successive
integers. When you reach the end of the row, repeat that number in
the first box of the following row and continue.
• Starting from the second box in the first row, the numbers inserted
at step 1 are the pole orders of the differentials of degree 2, . . . , N
respectively.
A minimal puncture then assigns a pole of order one to all the differentials
whereas a maximal one (Young tableau with one row) assigns a pole of order
k − 1 to a differential of degree k.
Now that we have learned how the Gaiotto curve and punctures encode
the physical data of the corresponding 4d theory, we can identify the building
blocks of generalized quivers: the three punctured spheres. Starting from a
given theory we can degenerate the Gaiotto curve letting punctures collide.
In this way we will end up with a collection of three punctured spheres and
we can connect them gauging the diagonal combination of their flavor sym-
metries. In this way we can build Riemann surfaces with arbitrary topology
and all of them give a 4d N = 2 SCFT when we compactify on them the
6d (2,0) theory of the corresponding rank. This analysis has been performed
in detail in [149] (see also [150]). I would like to mention that an arbitrary
triple of Young tableaux do not necessarily correspond to a well defined the-
ory in 4d; there are some restrictions. The basic obstruction is that (2.11)
in general assigns negative dimension to some Vi’s (consider e.g. a sphere
with three minimal punctures, (2.11) then assigns dimV3 = 3 − 5 = −2).
This is in particular true for all spheres with two (or less) punctures, whose
interpretation is rather subtle [151].
Let us discuss a couple of examples of three-punctured sphere: if we con-
sider SU(N) SQCD with 2N flavors we can easily see starting from Witten’s
curve and manipulating it as explained in the previous sections that the cor-
responding Gaiotto curve is a sphere with four punctures: two minimal and
two maximal. The collision of two different punctures corresponds to the
weak coupling limit. As the sphere degenerates we end up with two identi-
cal three-punctured spheres with two maximal punctures and one minimal.
This theory is free and describes N2 hypermultiplets. The collision of two
minimal punctures corresponds instead to the infinite coupling limit. It can
be checked that in the degeneration limit an SU(2) group decouples and
we are left with two spheres: one describes simply a doublet of SU(2) and
the other has two maximal punctures and one described by a Young tableau
with a row of length three and the others of length one. This is a strongly
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coupled theory which generalizes the E6 theory discussed before (in the rank
two case these theories in fact coincide). This is the natural generalization
of Argyres-Seiberg duality and has been discussed in detail in [149].
Another notable generalization of the E6 theory is the sphere with three
maximal punctures, which is usually referred to as TN theory (see [44]). This
model and the theories one can build connecting several copies of it (both
withN = 2 andN = 1 vectormultiplets) have received much attention lately,
since one can recover all other three-punctured spheres starting from TN and
moving along the Higgs branch [152]. In a sense this is the mother of all other
three-punctured spheres and the S-dualities involving it encode all possible
generalized Argyres-Seiberg dualities (an incomplete list of references is [153]-
[159]).
Irregular singularities
If we want to describe asymptotically free theories we have to introduce the
so-called irregular punctures, which are characterized by the property that at
least one of the k-differentials has a pole of degree greater than k [174, 160].
Let us briefly discuss this aspect for SYM theory: Witten’s curve is
ΛNz2 + PN (v)z + Λ
N = 0; λ =
v
z
dz.
We can easily bring it to the canonical form
xN =
N−1∑
k=2
uk
zk
xN−k +
ΛN + uNz + Λ
Nz2
zN+1
; λ = xdz.
It is easy to see from this formula that φN has poles of degree N + 1 both
at zero and infinity.
Irregular punctures also emerge in the description of infrared fixed points
in AF theories, like AD theories. Usually these are described by a sphere
with one or two punctures. One of them is always irregular and the other (if
any) is instead regular. See also [161]-[162]. We will discuss a class of such
theories at the end of chapter 4.
2.3.4 DN six-dimensional N = (2, 0) theories
The above analysis has been extended in [45] to 4d theories obtained from the
twisted compactification of the 6d (2,0) theories of type DN . These theories
can be constructed considering a Z2 orbifold acting on a five dimensional
subspace in M-theory (the eleven dimensional spacetime is then R5 × S1 ×
(R5/Z2)) and placing 2N coincident M5 branes parallel to the subspace
invariant under the Z2 action. The canonical form for the SW curve in this
case is
λ2N =
N∑
k=1
λ2N−2kφ2k(z); λ = xdz.
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Rather as in the SU(N) case, the basic ingredient of this construction is given
by the presence of punctures on the compactifying Riemann surface, which
encode the flavor symmetry of the theory and at which the k-differentials
have punctures.
The rules determining the degree of the poles at the punctures and the
flavor symmetry associated to them can be worked out with a technique
similar to the one we have just reviewed: one tries to bring the curves
of the lagrangian subclass to the canonical form and reads out the pole
structure. In this case the theories obtained compactifying on a punctured
sphere correspond to linear alternating quivers of SO/USp groups with half-
hypermultiplets in the bifundamental. As we have seen in the first section
the corresponding SW curves were found in [122] and using this result it is
possible to identify the basic rules of the construction [45]. We will give the
algorithm in detail in chapter 4, where this construction plays an important
role. The new features is the presence of two different classes of punctures,
which carry SO or USp flavor symmetry respectively.
There is a new complication with respect to the AN case: the coeffi-
cients one extracts by applying Riemann-Roch theorem are not directly the
Coulomb branch coordinates: in general they satisfy intricate polynomial
relations and only after these are taken into account one can extract the
true Coulomb branch coordinates. These constraints are discussed in detail
in [163, 164] (see also [165, 166, 167]). In principle the construction can be
extended to the EN case. However, there are no known simple lagrangian
theories in this class that can be used as a starting point (apart from the
finite family of SQCD-like theories with hypermultiplets in various represen-
tations of the gauge group) and moreover finding the SW curves describing
these models is considerably more complicated with respect to the A,D cases
(see [168] for the determination of the curves describing EN SYM, and [169]
for the relation between the curve for E6 SYM and the stringy realization of
the theory). Some results about the reguler punctures have been derived in
[164].
2.4 BPS spectrum and BPS quivers
The determination of the BPS spectrum of N = 2 theories is a notoriously
hard problem and the complete answer is known only for SU(2) SQCD [170]-
[174] and Argyres-Douglas theories [175]. However, the recent progress in the
understanding of N = 2 theories led to several remarkable new insights in
this respect. We will now briefly recall the basic aspects of the BPS quiver
technique (for a different approach using the six-dimensional construction
(spectral network) see [174]-[180]). This method can be applied for theories
whose BPS spectrum is finitely generated. By this we mean that there is a
finite set of states (and we will denote their charge vector with γi) such that
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all the BPS particles in the theory can be written as
γ =
∑
i
niγi, ni ∈ Z+or ni ∈ Z−∀i.
This simply states that all the BPS particles in the spectrum are bound
states of a finite number of elementary states.
Many theories respect this property but clearly not all of them: it is easy
to see that if the set of phases of the central charges of the various BPS states
are dense on S1 (the points |z| = 1 in the complex plane), the spectrum of
the theory cannot be finitely generated in the above sense. In particular, S-
duality ofN = 4 implies that its spectrum is not finitely generated. However,
if we give mass to the adjoint hypermultiplet thus breaking superconformal
invariance, it turns out that the BPS spectrum can be described using a
quiver. Other examples of models that do not have a BPS quiver are class
S theories whose Gaiotto curve is a surface without punctures.
2.4.1 Defining the BPS quiver
Let us pick a half-plane in the complex plane (such that the origin lies on its
boundary). We define as particles the BPS states whose central charges lie
in it. The others will be the corresponding antiparticles. Let us consider a
certain point in the Coulomb branch and, supposing to have a set of genera-
tors for the BPS spectrum, we can construct an oriented graph called quiver
drawing one node for each generator and n arrows from node i to node j,
where n is the Dirac product between states j and i 〈γj , γi〉 = n (if n is
negative the arrows will have the opposite orientation). These data can be
conveniently encoded in a skew-symmetric matrix (called exchange matrix)
Bij ≡ 〈γi, γj〉, whose dimension is equal to the number of nodes in the quiver
and whose kernel is the rank of the flavor symmetry of the theory. Notice
that if a finite set of generators exists, then it is unique [183], so the quiver
is well-defined. A priori it seems that, in order to find the quiver, one has
to know the BPS spectrum already. Actually, several techniques have been
developed to construct it for a broad class of N = 2 theories [181]-[190] and
they do not require the knowledge of the spectrum in advance.
A particularly effective technique is based on the 4d/2d correspondence
proposed in [181], which states that any theory whose BPS spectrum can
be described by a quiver is related to a 2d N = (2, 2) model, such that the
exchange matrix can be written as
B = St − S,
where S is the tt∗ Stokes matrix of the 2d model [191]. When the theory ad-
mits geometric engineering in type IIB string theory (see e.g. [192, 193, 194]),
the corresponding 2d theory is a Landau-Ginzburg model, whose superpoten-
tial can be read out from the Calaby-Yau geometry, or equivalently from the
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SW curve. In this case the nodes of the quiver are in one-to-one correspon-
dence with the vacua of the 2d theory and the number of arrows connecting
them corresponds to the number of solitons going from one vacuum to an-
other. One can then extract the quiver applying the techniques developed
in [191]. This method can be applied e.g. to find the BPS quiver for all
SQCD theories with arbitrary gauge group [181, 183, 187]. In particular,
in [181] it was shown that for all theories aring from the compactification
of a single M5 brane on the SW curve (so all class S theories), the super-
potential of the Landau-Ginzburg model is simply given by the SW curve
itself. This fact can be exploited to determine the BPS quiver for all rank
one Gaiotto theories [182]. The higher rank case is more complicated and
a general derivation is still not available. However, a general algorithm has
been proposed in [189, 190] (see also [180]).
A key concept is that of quiver representations: we can attach to the
node i of the quiver a complex vector space Vi of dimension ni and associate
to any arrow connecting node i to node j a linear map Baij : Vi → Vj . These
maps satisfy a certain set of relations which can be conveniently encoded in
a superpotential, in the sense that they coincide with the corresponding F-
term equations. We refer to the papers listed above for a detailed discussion
on the derivation of the superpotential.
The connection with the BPS spectrum comes from the fact that the
above mentioned data define a quantum mechanical problem with four su-
percharges: the gauge group is ∏
i
U(ni)
and the maps Baij are bifundamental fields. The dynamics is encoded in
the superpotential W(B) (notice that we can write down a gauge invariant
superpotential only if the quiver contains closed loops). The quiver repre-
sentations as defined above (supplemented with a suitable stability condition
that I will describe later), correspond to the supersymmetric ground states
of these quantum mechanical models and can be identified with BPS parti-
cles in the corresponding four-dimensional N = 2 theory [183]. The study of
quiver representations allows us to determine whether the spectrum contains
a particle with charge vector γ =
∑
i niγi or not.
In order to explain the stability condition, we must introduce the notion
of quiver subrepresentation: given a representation with vector spaces of
dimension ni and maps Baij , a subrepresentation is another representation
with spaces of dimension mi ≤ ni and maps baij such that all diagrams of the
following form commute:
Cni
Baij−→ Cnj
↑ ↑
Cmi
baij−→ Cmj
(2.12)
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where the vertical arrows simply indicate an embedding of Cmi in Cni .
As we have explained in the first chapter, the mass of any BPS particle
γ is given by the norm of its central charge Z(γ). Given the central charge
Z(γi) of each state associated to the nodes of the quiver, the central charge
corresponding to our representation R and subrepresentation S will simply
be Z(R) =
∑
i niZ(γi) and Z(S) =
∑
imiZ(γi) respectively. The represen-
tation R is called stable if all its proper subrepresentations (other than R
itself and the trivial one) satisfy the relation
argZ(S) < argZ(R). (2.13)
This condition can be related to the Fayet-Illiopoulos terms and D-term
constraints in the quantum mechanical problem [183]. The key statement is
that stable representations are in one to one correspondence with BPS states
of the underlying four-dimensional theory [195]-[199]. One can also notice
that, in the special case in which all ni’s but two are zero (bound state of two
objects), the above condition is precisely equivalent to the requirement that
the static potential between BPS states introduced in [200] is attractive.
The properties of the BPS state (its multiplicity and spin) can be re-
constructed by determining the moduli space of vacua of the quantum me-
chanical problem, i.e. the set of solutions of the F-term equations subject to
the stability condition, modulo the action of the complexified gauge group∏
iGL(ni,C) (actually a diagonal U(1) gauge factor is redundant since all
bifundamentals are uncharged under it. One has to take this into account
when taking the quotient). The resulting moduli spaceM is by supersym-
metry a kahler manifold whose complex dimension d encodes the spin of the
multiplet (which is d+12 ) [183]. In practice the most frequent cases are: M
is a point, which corresponds to a hypermultiplet andM' CP1, which cor-
responds to a vectormultiplet. In higher rank (>1) gauge theories the BPS
spectrum is extremely wild and also higher spin multiplets can arise. This is
not the case for theories whose gauge group is the product of several SU(2)
factors (the complete theories of [182]).
We can immediately provide a simple application: the state associated to
a node is always a hypermultiplet. Its representation has only one nonzero
ni which is equal to one. Clearly there are no proper subrepresentations
and the stability condition is automatically satisfied. Since we have a single
nontrivial vector space, all linear maps are necessarily trivial. The moduli
space of solutions is thus simply given by a point and the above discussion
ensures that the BPS state is a hypermultiplet. The BPS spectrum of the
theory then contains at least as many hypermultiplets as the number of
nodes.
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2.4.2 Quiver mutation and finite chambers
Once we have found the quiver at a point in the Coulomb branch, the whole
BPS spectrum can in principle be derived from the study of stable quiver
representations. However, this in practice is very hard also for relatively
simple quivers and it is convenient to adopt a different strategy, which allows
to recover the full answer in a simple and algorithmic way at least at points in
the moduli space where the BPS spectrum is finite: the mutation technique
[201, 183, 202].
Once we have the quiver, we are free to rotate the half-plane containing
the particles, until e.g. the left-most BPS particle γ (which is always associ-
ated to a node) exits from it and the corresponding antiparticle −γ enters.
Now the set of particles includes −γ and this clearly forces us to change
the quiver. Our goal is to understand how. Since we are sitting at a point
in the moduli space, obviously the spectrum does not change and our new
quiver must reproduce this expectation. This can be achieved by means of
a combinatorial operation called mutation [183].
Mutating at a node (that we will call A) of the quiver corresponds to the
following operation3 (see Figure 2.6):
• For any pair of nodes (node 1 and node 2) connected by a path of
length two passing through A draw n1 × n2 arrows connecting node 1
to node 2 (pointing in the direction identified by the length two path),
where n1 and n2 are respectively the number of arrows connecting node
1 and node 2 to A.
• If nodes 1 and 2 of the previous step are already connected by n arrows
pointing in the opposite direction, erase all opposite arrows in pairs.
• Reverse all the arrows that end or start at A.
We must then replace the charge vector γA of the state associated to A with
−γA and change the charge vector of any other node from γ to γ + nγA,
where n is the number of arrows pointing now to A from that node (the
charge vector of the other nodes should not be changed).
From the above discussion it is clear that as we rotate the half-plane con-
taining the particles the quiver undergoes a sequence of mutations: whenever
the leftmost BPS state exits we have to mutate on the corresponding node
and the corresponding anti particle enters in the half-plane. If the spectrum
is finite, after a finite sequence of mutations (whose length is clearly equal
3Actually the algorithm also involves a modification of the superpotential. This is
important in the proof that the mutation allows to recover the same spectrum. Also the
cancellation of opposite arrows at the second step can be justified using the superpotential.
This is discussed in detail in [183] and I refer the interested reader to that paper for the
details.
72
2.4 BPS spectrum and BPS quivers
Figure 2.6: The BPS quiver for SU(2) SQCD with one flavor. The mutation
at the red node is done following the three steps. If before the mutation γA is
the charge vector at the red node, γ1 that at the top node and γ2 that at the
lowest node, after the mutation their charge vectors are respectively −γA, γ1
and γ2 + γA.
to the number of BPS particles in the spectrum) the half-plane will have
made a rotation of 180 degrees. At this stage the quiver has come back to
his original form and the half-plane contains all the antiparticles. In the
meanwhile all the particles have been the leftmost state and just keeping
track of the charge vectors associated to the nodes at which we mutate, we
can immediately deduce the full spectrum. This procedure only requires the
knowledge of the central charges of the BPS states associated to the nodes.
Once the spectrum is known at one point in the moduli space, in principle
the full answer can be deduced using the wall-crossing formula [176, 203].
We find our first nontrivial prediction: since all the states have become
the leftmost state during the rotation, and such a state is necessarily associ-
ated to a node of the quiver, we can conclude that finite chambers contain
only hypermultiplets (there are no vectormultiplets or higher spin states).
Clearly, if we start moving around the moduli space the central charges of
the BPS states will vary and eventually exit from our half-plane. Obviously,
also in this case we must mutate at the corresponding node. We therefore
learn that when we say that the BPS spectrum of a theory is described by
a quiver, we actually mean that the 4d theory is associated to the mutation
class (or a subset of) of that quiver (the set of quivers which are connected by
a sequence of mutations). At every point in the moduli space the spectrum
is captured by an element in the mutation class but each quiver is valid only
locally. We will now analyze two simple examples to illustrate the technique.
2.4.3 SU(2) SYM and Argyres-Douglas theory
The Gaiotto inspired form for the SW curves describing these two theories
are
x2 =
Λ2
z
+
u
z2
+
Λ2
z3
,
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for SU(2) SYM and x2 = z3 + uz + v for the AD point of SU(3) SYM [81].
The SW differential is always λ = xdz. These are both rank one theories and
from the discussion of the previous section we know that the superpotentials
of the corresponding 2d theories are simply given by the SW curve itself. It
can be simplified further noticing that, since x enters quadratically, we can
integrate it out and keep only the z-dependent part.
Argyres-Douglas theory
The 4d/2d correspondence implies that the superpotential for the 2d model
is
W(X) = X3 + uX + v.
This is nothing but the A2 minimal model which has two vacua connected
by a single soliton. The BPS quiver has therefore two nodes connected by
an arrow. In Figure 2.7 we draw the quiver and the corresponding charge
vectors which were determined in [81].
Figure 2.7: The BPS quiver for the AD theory with the charge vectors deter-
mined in [81] associated to the two nodes.
We can determine the BPS spectrum studying the representation theory
or applying the mutation technique. Let us consider the candidate BPS state
n1γ1 +n2γ2, where γ1 and γ2 are respectively the charge vectors of the states
1 and 2 in the figure. It is easy to see that γ2 is always a subrepresentation.
Therefore, if the phase of Z(γ2) is larger than that of Z(γ1), it is also larger
than that of Z(n1γ1 +n2γ2) = n1Z(γ1)+n2Z(γ2) and the stability condition
is not satisfied. We thus find that all boundstates are unstable and only the
BPS states associated to the two nodes exist.
If we move in the moduli space until the phase of Z(γ1) becomes larger
the situation is different, since the subrepresentation γ2 is now stable. On the
other hand, if n1 > n2 the linear map has necessarily a nontrivial kernel and
γ1 is a representation if we choose the embedding such that the corresponding
one-dimensional vector space is mapped in the kernel of the linear map. The
representation is then unstable and we can rule out the above mentioned
bound states. If n1 < n2 it is easy to see that γ1 + γ2 is a subrepresentation
(for a suitable choice of the map b12) and it violates the stability condition.
This argument allows to rule out any bound state apart from γ1+γ2. Indeed,
the only proper subrepresentation γ2 satisfies the stability condition and this
state is part of the spectrum. Since the moduli space is a point, it is a
hypermultiplet with charge vector (−1, 1).
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The same result can be obtained using the mutation technique. If the
phase of Z(γ2) is larger it is the first state to exit from the half-plane as
we start rotating. Therefore we must mutate at node 2 (see the figure)
first. Its charge vector becomes −γ2 whereas the charge vector associated
to the first node is unchanged, according to the above rule. As we go on
rotating we then encounter γ1 and when we mutate its charge becomes −γ1.
The charge at the other node is unaffected. We then find the initial quiver
with charge labels −γ1 and −γ2. Tese are the corresponding antiparticles,
signaling that we have completed our half rotation. Since we have mutated
twice the spectrum just contains γ1 and γ2.
If instead the phase of Z(γ1) is larger, we have to mutate first at γ1. The
charge of node 2 now is changed to γ1 + γ2 according to the rules of the
previous section. This state exits from the half-plane before γ2, so we have
to mutate at the second node. This affects the charge vector at the first node
which was −γ1 after the first mutation and now becomes −γ1 +γ1 +γ2 = γ2.
If we now mutate again at the first node the quiver is back to its original form
with labels −γ1 and −γ2. This mutation sequence tells us that the spectrum
contains the three states γ1, γ2 and γ1 + γ2. If we go on rotating we find
the corresponding antiparticles. This agrees precisely with the answer from
the representation theory and coincides as expected with the result found in
[81].
From this analysis we recover the simplest example of wall-crossing for-
mula: if we consider two hypermultiplets whose Dirac product is one, de-
pending only on the ordering of phases of their central charges, the BPS
spectrum can include or not their bound state and it is again a hypermulti-
plet. We will see later another famous example.
With analogous arguments we can study the spectrum of any AD point
of SYM theory with simply laced gauge group. The quiver is always the
Dynkin diagram associated to the gauge group. These models are the only
examples of theory with a finite number of BPS states in all BPS chambers
(the regions of the moduli space in which the BPS spectrum does not change)
[182].
SU(2) SYM
If we multiply the curve by z2 and define z = eX , we get the superpotential
W(X) = Λ2eX + u+ Λ2e−X .
This describes the 2d CP 1 sigma model, which has two vacua connected by
a pair of solitons [191]. The 4d/2d correspondence then tells us that the
quiver describing SU(2) SYM has two nodes linked by two arrows (with a
similar argument one can deduce the BPS quiver for SU(N) SYM theory
[181]). This is of course the only possible answer: as was argued by Bilal
and Ferrari in [170], the strong coupling region of the moduli space contains
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Figure 2.8: The BPS quiver for SU(2) SYM theory with the charge vectors
associated to the two nodes.
only two states which are those becoming massless at the singularities. If
we normalize the charges in such a way that a doublet of SU(2) has electric
charge one, the charge vectors of these states are (0, 1) and (2,−1). Since,
as we have seen before, there are at least as many states as the number of
nodes in the quiver, we find immediately that the BPS quiver describing
SU(2) SYM (if any) must have exactly two nodes and the corresponding
states are precisely the two listed above. Since the Dirac pairing between
these states is 2, we recover from the definition precisely the quiver predicted
by the 4d/2d correspondence.
We take as half-plane the complex upper half-plane. Using the SW
solution we can compute the central charges associated to the two nodes.
When we are in the strong coupling region the phase of the central charge
of γ2 = (2,−1) is greater than that of γ1 = (0, 1). When we cross the
marginal stability curve the central charges become aligned (wall-crossing)
and in the weak-coupling chamber the phase of Z(γ1) becomes larger. We
will use directly the mutation technique to find the answer.
In the strong coupling region we have to mutate first on node 2. This
does not affect the charge label of node 1. As we go on rotating we then have
to mutate at node 1. At this stage the quiver has come back to its original
form and the charge labels are −γ1 and −γ2. We thus find as expected the
two BPS states which exist at strong coupling. With an argument analogous
to that of the previous section, it can be seen that the representation theory
confirms this result
In the weak coupling region the phase of Z(γ1) is larger than that of
Z(γ2) and we must mutate at node 1 first. The charge label of node 2
now is changed to γ2 + 2γ1. This is now the leftmost state and we have
to mutate at node 2. Then the charge vector associated to node 1 becomes
−γ1+2γ2+4γ1 = 2γ2+3γ1. If we go on at the n-th mutation we find the state
nγ2 + (n+ 1)γ1 = (2n, 1). We immediately see that this chamber is infinite
and contain all the dyons of this form, whose central charges accumulate
towards that of γ1 + γ2.
Of course we can also rotate the half-plane in the opposite sense and
mutate on the right. The algorithm is slightly different in this case and can
be determined imposing that a right mutation followed by a left mutation
is equivalent to the identity (we rotate the plane in one sense and then
rotate it back to the initial position). The only difference with the algorithm
seen above is that the charge labels should be changed when the arrows
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are pointing to the node at which we are mutating before and not after the
mutation.
We must mutate at node 2 first. The charge label at node 1 then becomes
γ1 + 2γ2. When we mutate at node 1 the second charge vector becomes
−γ2+2γ1+4γ2 = 2γ1+3γ2 and so on. We then get the states (n+1)γ2+nγ1 =
(2n+2,−1). The only state that we could not investigate with this technique
is γ1 + γ2. The two towers of dyons we have found accumulate towards this
state, which is in a sense infinitely many mutations away. We must use the
representation theory to find an answer. The two linear maps are 1 × 1
matrices and can be organized in a two-dimensional vector. The space of
stable representations is thus C2 minus the origin (if both maps are trivial
γ1 is a subrepresentation and does not satisfy the stability condition). We
then have to quotient with respect to the action of the complexified gauge
group, which means that we consider the above space modulo rescaling by
a complex number. This is precisely CP1 and the state γ1 + γ2 = (2, 0) is
a vectormultiplet, the W-boson. This is precisely the answer found by Bilal
and ferrari in [170] and constitutes the second example of wall-crossing: if we
have two states whose Dirac product is two, for a specific ordering of phases
of the central charges the spectrum includes an infinite tower of dyons and a
vectormultiplet. One can easily explore the spectrum of SU(2) SQCD with
analogous techniques. The details can be found in [183].
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Chapter 3
Chiral condensates in SQCD
and the Konishi anomaly
3.1 Introductory remarks
This chapter is devoted to a careful analysis of vacua in N = 2 SQCD
with generic bare quark masses, softly broken by a mass term for the chiral
superfield Φ in the adjoint representation of the gauge group. As we have
seen one of the fundamental aspects of the Seiberg-Witten solution of N = 2
gauge theories is the striking relation between monopoles, confinement and
chiral symmetry breaking; whether all this is at work in the real world QCD
is still an open problem.
The generalization of their analysis to SU(N) SQCD revealed a very
rich structure [22, 23, 79, 80], in which monopoles of non-abelian kind rather
than ordinary ’t Hooft-Polyakov monopoles [3] play a key role [204, 205, 206].
The precise analysis of these vacua (called r vacua) is hard to carry out just
by means of the Seiberg-Witten solution and seems to be deeply related to
non-abelian duality (see e.g. [24, 25]). In particular the analysis of [23] is
suited to study the properties of the r vacua for values of the bare quark
masses which are very large (semiclassical regime), in which they behave
as Higgs vacua, or very small (nonperturbative regime), in which they are
confining; it remains anyway very difficult to make precise predictions about
the “intermediate range”, leaving some points unclear.
The aim of this chapter is to approach this problem by making use of
the deep connection between these theories and their “softly broken” ver-
sion, obtained adding a mass term µ2TrΦ
2 for the adjoint chiral multiplet
(actually the formalism we will use works for more general, not necessarily
renormalizable superpotentials), lifting the moduli space of the N = 2 the-
ory and leaving a finite number of vacua. This strategy has been adopted in
[207] to study the SU(2) theory with one flavor: for µ >> ΛNf the natural
approach is to decouple semiclassically the adjoint field. The low-energy the-
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ory is N = 1 SQCD with a quartic interaction between quarks. Taking into
account the corrections due to nonperturbative gauge dynamics, the vacua
can be found solving the stationarity equations for the quark superpotential.
Holomorphicity in the µ parameter ensures that this description gives the
same number of supersymmetric vacua and the same pattern of breaking
of the global symmetry as those implied by the SW solution, more suitable
for the µ << ΛNf limit. This one-to-one correspondence can be established
by means of an exact relation between chiral condensates derived from the
Konishi anomaly [208, 209]. The analysis of the more interesting SU(N)
case along these lines requires the use of the Dijkgraaf-Vafa superpotential
[210, 211, 212, 213], which allows us to capture all the holomorphic data of
the theory by means of a planar calculation in a matrix model, and of the
generalized Konishi anomaly [214, 215, 216]. These tools allow us also to
identify fundamental phase invariants in SYM theories [215, 217, 218, 219]
and to address nonperturbative investigations in N = 1 SQCD (see for in-
stance [220, 221] and references therein).
In section 2 we shall review the construction proposed in [207] and extend
it to the other asymptotically free cases (2 and 3 flavors). In the subsequent
sections the general SU(N) case will be analyzed, by use of the generalized
Konishi anomaly relations [214] and the Dijkgraaf-Vafa superpotential. In
section 3 we shall derive the anomaly equations and the matrix model su-
perpotential for the theory under consideration (the analysis is similar to
the one proposed in [222]) and see how it allows to recover the instanton
induced superpotentials of [223, 224, 225]. In section 4 the previous results
will be used to derive some general features of the r vacua, in particular
regarding the intermediate mass range and the “transition” from the Higgs
to the pseudo-confining phase (as they call it in [216]). As a byproduct we
find a clear interpretation of the two to one correspondence noted in [23, 42]
which associates both r and Nf −r semiclassical vacua to the same quantum
r vacuum in the theory with degenerate bare masses for the matter hyper-
multiplets (for another discussion on the relation between semiclassical and
quantum vacua in a slightly different context see [99]-[104]). Section 5 is
devoted to a discussion of the results achieved.
3.2 The anomaly technique for SU(2) gauge theo-
ries
As a warm-up, in this section we focus on an example with two colors and a
renormalizable superpotential. We consider a version of N = 1 SQCD with
gauge group SU(2) and Nf flavors, with in addition a chiral superfield Φ in
the adjoint of the gauge group. The superpotential at the tree level is given
by:
Wtree = miQ˜iQi +
√
2hQ˜iΦQ
i + µTrΦ2.
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i = 1, . . . , Nf is a flavor index. Setting the Yukawa coupling h = 1 and the
adjoint mass µ = 0 we get N = 2 SQCD with Nf flavors. For Nf ≤ 3 this
theory is asymptotically free and generates dynamically a scale which we
denote by ΛNf . The case with a single flavor was studied in [207], here we
present the generalization to the other asymptotically free cases Nf = 2, 3.
We show that even the description of the nontrivial flavor structure matches
in the two regimes.
3.2.1 Classical vacua and symmetries
As explained in [23], an analysis of the tree level superpotential reveals that
for generic values of the quark and adjoint masses there are Nf +2 supersym-
metric vacua, and by a Witten index argument the number of vacua must be
the same in the full quantum theory. Flat directions develop when µ = 0 or
some of the quark masses coincide. The 1-(complex) dimensional Coulomb
branch of the N = 2 theory parametrized by u = 〈TrΦ2〉 is lifted by the soft
breaking to N = 1 leaving only this discrete set of points.
The U(1)R and U(1)J ⊂ SU(2)R simmetries, together with holomorphic-
ity, give constraints on the dependence of chiral condensates on the param-
eters in the superpotential. The charges are given in the following table:
Φ Q Q˜ µ m
U(1)R 2 0 0 -2 2
U(1)J 0 1 1 2 0
The U(1)R is anomalous at the quantum level, thus acting nontrivially on
the dynamical scale ΛNf . The residual Z4(4−Nf ) symmetry is broken spon-
taneously to Z4 by the adjoint VEV leaving a Z4−Nf acting on the u plane.
Alternatively we can define a modified and nonanomalous U(1)R′ sym-
metry that acts on the Yukawa parameter h:
Φ Q Q˜ µ m h
U(1)R′ 1
Nf−2
Nf
Nf−2
Nf
0 4Nf
4−Nf
Nf
The combination of the parameters that is neutral under the nonanomalous
U(1)’s and adimensional is given by:
σNf
2 ≡ (Pf m)1−
4
Nf h4 Λ
4−Nf
Nf
(3.1)
where the mass matrix has been recast in the form:
m ≡
(
0 m
−m 0
)
, m = diag(m1, . . . ,mNf )
The limit σNf → 0 is interesting since it can be interpret in two ways:
either as the limit h → 0 in which we recover N = 1 SQCD with massive
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quarks, or as the limit m → ∞ with h = 1 in which the quarks decouple
and the theory approaches pure N = 2 SYM softly broken by the adjoint
mass term. Consistently, in both these limits we are left with two discrete
supersymmetric vacua, respectively in the Higgs phase and in the confining
phase. Notice that the Higgs and confining phases are continuosly connected
in these theory: it displays complementarity, as expected for a theory with
scalar fields in the fundamental.
When the µ parameter is large with respect to the dynamically generated
scale, it is legitimate to study the low-energy theory by integrating out the
adjoint field. As a result we get a version of N = 1 SQCD modified by a
quartic term for the quarks:
Wdec = h
2
8µ
tr[V 2]− 1
2
tr[mV ]
where V is the gauge invariant quark bilinear, assembled in a 2Nf × 2Nf
antisymmetric matrix, and tr denotes the trace over flavor indices. At the
classical level V is subject to the constraint PfV = 0. In the massless limit
m = 0 the O(2Nf ) flavor symmetry acts on V by conjugation. It is convenient
to express the V matrix in term of neutral parameters v1, . . . , vNf as follows:
σNf
µ
h2

0
m1v1
. . .
mNfvNf
−m1v1
. . .
−mNfvNf
0

. (3.2)
3.2.2 Low-energy effective superpotentials
The superpotential does not receive any correction in perturbation theory
but new terms may appear as a consequence of nonperturbative gauge dy-
namics. The results for the exact effective superpotentials in SQCD are
known. For the theory in consideration it is only necessary to add the quar-
tic term that is reminiscent of the microscopic Yukawa coupling to the Φ.
Therefore the general form is:
Weff =Wdec +Wn.p. (3.3)
We list below the results for the different values of Nf :
Nf = 1 Wn.p. = Λ˜ 51 (PfV )−1
Nf = 2 Wn.p. = X(PfV − Λ˜ 42 )
Nf = 3 Wn.p. = −Λ˜ −33 PfV.
In the second row X is a nondynamical Lagrange multiplier implementing
the modified quantum constraint. We denote by Λ˜ the dynamical scale in
the theory where Φ has been decoupled.
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3.2.3 The Konishi anomaly
In order to find where in the Coulomb branch the dicrete vacua are located
we have to determine the adjoint field condensate u = 〈TrΦ2〉. This amounts
to exploiting the anomalous Ward identities associated to Konishi anomaly:〈
X
∂W
∂X
+ T (RX)
TrW 2
8pi2
〉
= 0
where X is a generic chiral superfield, T (RX) is the Dynkin index of the
representation of the gauge group acting on X. Specifyng X to be Q, Q˜ or
Φ we end up with: Q
i, Q˜i :
〈√
2hQ˜iΦQ
i +miQ˜iQ
i + 1
16pi2
TrW 2
〉
= 0 i = 1, . . . , Nf
Φ :
〈
2µTrΦ2 +
√
2hQ˜iΦQ
i + 1
4pi2
TrW 2
〉
= 0.
From this equations we eliminate the gaugino condensate s ≡ − 1
16pi2
〈
TrW 2
〉
obtaining s =
〈
1
2Nf
tr
[
h2
2µV
2 −mV
]〉
. The remaining equations relates di-
rectly the interesting parameter u to the quark VEVs:
2µu =
〈
4−Nf
2Nf
tr
[
h2
2µ
V 2
]
− 2
Nf
tr [mV ]
〉
. (3.4)
3.2.4 Nf = 1
In this section we review the results already obtained in [207] with one flavor.
Matching the running couplings at the scale µ we get: Λ˜ 51 = µ2Λ1
3. The
stationarity of the superpotential (3.3) with respect to V gives the equation:
σ1v1 − 2 + 2 1
v12
= 0. (3.5)
where σ1 = h2m1−3/2Λ
3/2
1 and v1 = (h
2µΛ31)
−1m21V12 are neutral under the
nonanomalous U(1)’s. Once this equation is solved, the corresponding value
of u is given by equation (3.4):
4u = (mΛ31)
1/2(−3σ1v12 + 8v1) (3.6)
σ1 → 0 limit: the equation (3.5) has two solutions for finite values of the
VEVs v1 = ±1 + O(σ1) and one that goes to infinity v1 = 2σ1 + O(σ1).
Correspondingly (3.6) gives:{
v1 = ±1 +O(σ1)⇒ u = (mΛ31)1/2(±2 +O(σ1))
v1 =
2
σ1
+O(σ1)⇒ u = (mΛ31)1/2( 1σ1 +O(σ1))
From the point of view of the softly broken N = 2 theory the two vacua
for finite u are the monopole/dyon vacua while the third one is the electric
charge vacuum that correctly goes to infinity in this limit.
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m1 → 0 limit: since σ1 = O(m− 32 ) and v1 = O(m 12 ) the equations become:{
σ1v1
3 + 2 = 0
u = 2(mΛ31)
1/2v1
⇒ u = −2(mΛ31)1/2
(
2
σ1
) 1
3
e
2kpii
3 , k = 0, 1, 2
Notice that we recover the Z3 symmetry acting on the u plane, again in
agreement with softly broken N = 2 SQCD with one massless flavor.
Seiberg-Witten curve: the equivalence with softly broken N = 2 SQCD
can be established for generic values of the parameters. If we eliminate v1
from equations (3.5) and (3.6) we get a single equation for the u variable:
u3 −m12u2 − 9
2
m1Λ1
3h2u+ 4m1
3Λ1
3 +
27
16
h4Λ1
6 = 0.
Setting h = 1 these equation is equivalent to the vanishing of the discriminant
of the Seiberg-Witten curve for one flavor. The solutions correspond to the
vacua of the softly broken theory with µ 6= 0. Therefore the vacua obtained
by our analysis are in one to one correspondence to those obtained by the
Seiberg-Witten curve.
3.2.5 Nf = 2
In this case the matching gives Λ˜ 22 = µΛ2. The stationarity of the effective
superpotential (3.3) gives the equations:
σ2(v1 + αXv2)− 2 = 0
σ2(v2 + α
−1Xv1)− 2 = 0
v1v2 = 1
(3.7)
in which σ2 = h2(m1m2)−1/2Λ22, we have set α = m2/m1 and a factor of
h2/µ has been reabsorbed in the definition of X. The variables v1,2 were
defined in (3.2). The additional equation derived from the anomaly is:
4u+ Λ2(m1m2)
1/2[σ2(α
−1v12 + αv22)− 4(α−1v1 + αv2)] = 0. (3.8)
As a consistency check one can verify that in the decoupling limit of one of
the two flavor, that is m2 → ∞, the equations for the theory with a single
flavor are correctly recovered.
σ2 → 0 limit: eliminating X, (3.7) has the two solutions (v1, v2) =
±(α, α−1) + O(σ2) and correspondingly we get u = Λ2(m1m2)1/2(±2 +
O(σ2)). These two solutions are the monopole/dyon vacua. One can easily
see that there are two additional solutions going to infinity in the space of
VEVs like σ−12 : these are vacua of the softly broken theory in which an elec-
trically charged degree of freedom condensates. As explained above σ2 → 0
can be interpreted as the limit in which quarks becomes very massive, and
therefore it is correct for these vacua to go to infinity in this limit.
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Degenerate masses m1 = m2 = m: in this case α = 1. The equations
give the following solutions for u:
u1 = u2 = Λ2m[σ2/2 + σ2
−1] =
1
2
Λ2
2 +m2,
u3,4 = Λ2m[−σ2/2± 2] = −1
2
Λ2
2 ± 2mΛ2.
The two coincident values u1 and u2 correspond to two different solutions
for (v1, v2), setting m1 6= m2 would split the degeneracy on the Coulomb
branch and separate the two points.
When m→ 0 the full O(4) flavor symmetry is restored and in this limit
the four vacua are organized in two pairs of coincident points on the Coulomb
branch. This is again in agreement with the interpretation in terms of the
softly broken N = 2 theory. From this point of view in each vacuum some
charged degree of freedom condensates. The magnetic charges fall in spino-
rial representations of the flavor symmetry group and therefore in represen-
tations of Spin(4) ' SU(2) × SU(2). The two pairs of coincident points
correspond to two pairs of magnetically charged degrees of freedom that in
the m→ 0 limit organize in a doublet of one of the two SU(2)s.
3.2.6 Nf = 3
In this case the matching of the running couplings gives the relation: Λ˜ 33 =
µ2Λ3. In terms of the (v1, v2, v3) variables of (3.2) the stationarity conditions
of the superpotential is:
σ3v1 − 2 + 2α1−1v2v3 = 0
σ3v2 − 2 + 2α2−1v3v1 = 0
σ3v3 − 2 + 2α3−1v1v2 = 0
(3.9)
where σ3 = h2Λ˜
3
2
3 µ
−1(m1m2m3)−
1
6 and we defined α1 = m1
4
3 (m2m3)
− 2
3
with cyclic definitions for α2 and α3 such that α1α2α3 = 1. The adjoint field
condensate is given by the anomaly equation:
12u+
√
m1m2m3 Λ3[σ3(α1v1
2 +α2v2
2 +α3v3
2)−8(α1v1 +α2v2 +α3v3)] = 0
Again one can check that in the limitm3 →∞ , by imposing a correct scaling
of the variables, theNf = 2 equations are recovered, with v3 formally playing
the role of the Lagrange multiplier.
σ3 → 0 limit: the system (3.9) in this limit has two solutions for finite val-
ues of the parameters (v1, v2, v3) = ±(α1−1, α2−1, α3−1)+O(σ3) which give
u = ±2√m1m2m3 Λ3. As for Nf = 1, 2 these are the two vacua which cor-
respond to the monopole/dyon vacua. Again, one can find three additional
solutions with a runaway σ−13 behavior: these are in correspondence with
the three vacua in the semiclassical region associated to the condensation of
some electrically charged degree of freedom.
85
3 Chiral condensates in SQCD and the Konishi anomaly
Degenerate masses m1 = m2 = m3 = m: in this case α1 = α2 = α3 = 1.
Solving the equations gives the following values for u:
u1 = u2 = u3 =
√
Λ3m3[σ
−1
3 +
1
6
σ3 − 1
16
σ3
3]
u4,5 =
√
Λ3m3[−3
4
σ3 − 1
32
σ3
3 ± 1
4
(
σ3
2
4
+ 4
) 3
2
].
Like in the Nf = 2 case, the fact that we find coincident points on the
Coulomb brach is related to the partial restoration of the flavor symmetry.
The full flavor symmetry in this case is O(6) and Spin(6) ' SU(4) is explic-
itily broken by m to SU(3)×U(1). From the point of view of softly broken
N = 2 there are three vacua associated to the condensation of magnetically
charged degrees of freedom: when the masses are switched to have the same
value, the three degrees of freedom organize in a fundamental multiplet of
SU(3) and the vacua flow in the same point on the u plane. The additional
two solutions are singlets of SU(3).
In the limit m→ 0 the full O(6) is restored and monopoles/dyons should
fall in multiplets of SU(4). This limit is equivalent to σ3 →∞ and indeed we
see that the SU(3) triplet solution coincides with one of the two singlets in
u = − 116σ33(1 +O(σ3−2)) and they form a fundamental multiplet of SU(4),
while the other singlets move to u = 0. Notice that there is no discrete
symmetry acting on the u plane when Nf = 3. The presence of the singlet
vacuum indicates that confinement can be realized even without dynamical
breaking of the flavor symmetry.
3.3 The SU(N) theory
We now consider the SU(N) case with the same tree level superpotential as
before. Decoupling the adjoint field we can express the effective superpoten-
tial in terms of the meson field M , obtaining the result
W(M,Λ) = − 1
µ
(
trM2 − 1
N
(trM)2
)
+ trmM +WNP , (3.10)
where WNP represents the nonperturbative contribution and its form de-
pends on the range of Nf as before:
Nf < Nc WNP =
(
Λ
3Nc−Nf
1
detM
) 1
Nc−Nf
Nf = Nc WNP = X
(
detM −BB˜ − Λ2Nc
)
Nf = Nc + 1 WNP = 1
Λ
2Nf−3
1
[
detM −BiM ji B˜j
]
Nf > Nc + 1 WNP = qMq˜
(3.11)
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The only new ingredient here is given by the last row, in which the superpo-
tential is written in terms of dual field variables, according to Seiberg duality
[24].
3.3.1 Generalized anomaly equations
The techniques used so far can be applied in this case as well (see for instance
[23] for a detailed calculation). However, we will find more convenient to use
the matrix model superpotential introduced by Dijkgraaf and Vafa. First of
all, in order to locate the vacua in the moduli space of the N = 2 theory we
have to determine all the correlators Ui = 1i 〈TrΦi〉 and then use the formula
given in [216] which relates the SW curve with these quantities:
PN (x) = x
Ne−
∑
i
Ui
xi + Λ2N−Nf
(x+m)Nf
xN
e
∑
i
Ui
xi . (3.12)
To extract such information we need to consider the generalised anomaly
equations introduced in [214] (their validity has been proven perturbatively
in [214] and nonperturbatively in [226]). If we consider the following trans-
formations on the matter fields
δΦ =
1
z − Φ ,
δΦ =
WαW
α
z − Φ ,
δQi =
1
z − ΦQi,
we obtain the Ward identities [227] (the sum over flavors i is implied)〈
Tr
µΦ
z − Φ
〉
+
〈√
2Q˜i
1
z − ΦQi
〉
= 2R(z)T (z),〈
Tr
µΦWαW
α
z − Φ
〉
= −32pi2R2(z),〈
Q˜i
√
2Φ +mi
z − Φ Qi
〉
= NfR(z).
(3.13)
In the previous formula we have used the generating functions of chiral ring
correlators:
T (z) =
〈
Tr
1
z − Φ
〉
, R(z) =
−1
32pi2
〈
Tr
WαW
α
z − Φ
〉
, M(z) =
〈
Q˜i
1
z − ΦQi
〉
.
Once we have determined the above generating functions, we can recover
all the correlation functions of operators in the chiral ring expanding them
about infinity. The 1
z2
term of the first equation in (3.13) and the 1z term
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of the third one give the Konishi anomaly, all the others represent various
generalizations.
There is now an important point to consider: the above formulas are valid
for U(N) and we have to modify them a little to study the SU(N) theory,
since the tracelessness of Φ is not preserved by the above listed variations.
It is sufficient to modify them by adding a term proportional to the identity
such that the condition TrΦ = 0 is preserved:
δΦ =
1
z − Φ −
T (z)
N
I,
δΦ =
WαW
α
z − Φ +
32pi2
N
R(z)I,
δQi =
1
z − ΦQi,
This modification does not affect the anomaly since the identity does not
couple to gluons and the only correction to equations (3.13) arises due
to the presence of the superpotential (the same idea already appeared in
[228],[229]). Making use of the “modified variations” we find the Ward iden-
tities for the SU(N) theory:〈
Tr
µΦ
z − Φ
〉
+
〈√
2Q˜i
1
z − ΦQi
〉
−
√
2T (z)
N
〈
Q˜iQi
〉
= 2R(z)T (z),〈
Tr
µΦWαW
α
z − Φ
〉
+
32
√
2pi2
N
R(z)
〈
Q˜iQi
〉
= −32pi2R2(z),〈
Q˜i
√
2Φ +mi
z − Φ Qi
〉
= NfR(z).
(3.14)
We can see from the above relations that the anomaly equations for the
SU(N) theory with superpotential 12µTrΦ
2 are equivalent to those of the
U(N) theory but with a different superpotential (12µTrΦ
2 − aµTrΦ), where
a ≡
√
2
Nµ
〈Q˜iQi〉 (3.15)
and S denotes the gluino condensate. Taking this modification into account
we obtain from the second equation (see [214]) the relation
R(z) =
1
2
(
µ(z − a)−
√
µ2(z − a)2 − 4Sµ
)
. (3.16)
An important point is that our generating functions are actually defined on
a double cover of the z-plane, which we can describe using the matrix model
curve (a sphere in our case)
Σ : y2 = µ2(z − a)2 − 4µS = µ2[(z − a)2 − z˜],
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which has a single branch cut. The R(z) function actually assumes the above
form on the first sheet of this Riemann surface (the one visible semiclassi-
cally) and for large z it behaves like R(z) ' S/z, tending to zero for z →∞,
where the theory can be studied semiclassically [214, 216]. In this limit the
cut closes and we recover the invisibility of the second sheet at the classi-
cal level. On the second sheet the sign of the square root changes and the
asymptotic behaviour is R(z) ' W ′(z). We will exploit this property in
section 5.
The M(z) and T (z) generating functions have Nf poles located at the
points zi ≡ −mi√2 (some on the first and the others on the second sheet of the
double cover of the z-plane, depending on the vacuum we are considering) and
a pole at infinity. Using the above solution for R(z), we can now determine
M(z) and T (z) following the derivation in [216] (see also eqs. 2.8-2.9 in
[222]). Since our main interest is the theory with equal bare masses for the
flavors, we will set from now on
zi = − m√
2
≡ η , ∀i = 1, . . . Nf . (3.17)
Notice that we are considering the equal mass limit of the theory with non-
degenerate masses
M(z) =
Nf [R(z) +
µ
2 (a− η)] +
Nf−2r
2
√
µ2(a− η)2 − 4Sµ√
2z +m
,
T (z) =
Nf−2r
2
√
µ2(a− η)2 − 4Sµ
(z +m/
√
2)
√
µ2(z − a)2 − 4Sµ +
Nf/2
z +m/
√
2
+
µ(N −Nf/2)√
µ2(z − a)2 − 4Sµ,
(3.18)
where r is the number of poles located on the first sheet. We can now
explicitly determine the matrix model (Dijkgraaf-Vafa) superpotential [211,
212, 210] (see also [213]) which encodes the holomorphic data of the theory
as in [216] (the analogous calculation for the U(N) theory has been done in
[222]). This will be the subject of the next section.
3.3.2 The Dijkgraaf-Vafa superpotential
The aim of this section is to determine the DV superpotential in the r vacua
of the N = 2 SU(N) SQCD (for the basic properties of such vacua see
e.g. [22],[23]) softly-broken by a mass term for the adjoint chiral multiplet;
such vacua can be described in the "matrix model language” by putting
r poles on the first sheet of the double cover of the z-plane and the other
Nf−r on the second one (at least for large values of m, where a semiclassical
analysis is reliable). We can follow closely the calculation done in [222]. The
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effective superpotential assumes the following form (for quadratic tree level
superpotential as in this case):
WDV =− 1
2
NΠ− 1
2
∑
i, ri=0
Π0 − 1
2
∑
i, ri=1
Π1 +
1
2
(2N −Nf )W(Λ0)+
1
2
∑
i
W(η)− (2N −Nf )piiS + S log
(√
2
NfΛ2N−Nf
Λ
2N−Nf
0
)
.
(3.19)
By
∑
i we indicate the sum over flavors and by
∑
i, ri=0
,
∑
i, ri=1
we mean
the sum of the contributions from poles on the second and on the first sheets
respectively. In the previous formula we have used the notation
Π =2
∫ Λ0
√
z˜+a
µ
√
(z − a)2 − 4S/µdz = µ(Λ0 − a)2 − 2S − 2S log (Λ0 − a)
2µ
S
,
Π0 =−
∫ Λ0
q
µ
√
(z − a)2 − 4S/µdz = −µ(Λ0 − a)
2
2
+ 2S log(Λ0 − a)+
2S
[
1
2
+
µ(η − a)
4S
√
(η − a)2 − 4S
µ
− log
(
η − a
2
+
1
2
√
(η − a)2 − 4S
µ
)]
,
Π1 =−
∫ Λ0
q˜
µ
√
(z − a)2 − 4S/µdz = −µ(Λ0 − a)
2
2
+ 2S log(Λ0 − a)+
2S
[
1
2
− µ(η − a)
4S
√
(η − a)2 − 4S
µ
− log
(
η − a
2
− 1
2
√
(η − a)2 − 4S
µ
)]
,
where Λ0 is a UV cutoff, q and q˜ are the positions of the poles on the first
and on the second sheet respectively. Substituting back in (3.19) we obtain
for a r vacuum the result
WDV = S
[
N + log
(
µNΛ2N−Nf
SN
√
2
Nf
)]
−Nµa
2
2
−rS
[
1
2
+
µξ
4S
√
ξ2 − 4S
µ
− µξ
2
4S
− log
(
ξ
2
+
1
2
√
ξ2 − 4S
µ
)]
(3.20)
−(Nf − r)S
[
1
2
− µξ
4S
√
ξ2 − 4S
µ
− µξ
2
4S
− log
(
ξ
2
− 1
2
√
ξ2 − 4S
µ
)]
.
where we have introduced
ξ ≡ a− η = a+m/
√
2 . (3.21)
In the previous formula the parameter a has the meaning of a Lagrange
multiplier, so the next step is to set to zero
∂WDV
∂a
=
µ
2
[
(Nf − 2r)
√
(a− η)2 − 4S/µ− (2N −Nf )a−Nfη
]
, (3.22)
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which enforces TrΦ = 0, and substitute back in (3.20).
The r vacua of our theory are associated to the critical points of the
effective superpotential with respect to S. From its variation we obtain the
equation
∂WDV
∂S
= r log
(
ξ
2
+
1
2
√
ξ2 − 4S
µ
)
+ (Nf − r) log
(
ξ
2
− 1
2
√
ξ2 − 4S
µ
)
+ log
(
µNΛ2N−Nf
SN
√
2
Nf
)
= 0,
or (for r ≤ Nf2 )
(Nf−2r) log
(
a− η
2
− 1
2
√
(a− η)2 − 4S
µ
)
+log
(
µN−rΛ2N−Nf
SN−r
√
2
Nf
)
= 0.
(3.23)
From equations (3.22) and (3.23) we can determine a and S and then all the
chiral correlators of the theory from (3.18) (plugging (3.22) in (3.18) we can
get rid of the square roots in the numerator and rewrite it in the form)
M(z) =
µNa+NfR(z)√
2z +m
,
T (z) =
µ(N −Nf/2)√
µ2(z − a)2 − 4Sµ +
Nf/2
z +m/
√
2
−
µNa
(
1− Nf2N
)
− Nf
2
√
2
µm
(z +m/
√
2)
√
µ2(z − a)2 − 4Sµ.
(3.24)
3.3.3 Effective superpotentials and the Konishi anomaly
The value of the meson and gluino condensates can also be obtained using
the technique proposed for SU(2): we extremize (3.10) and then use the
Konishi anomaly equation to determine S. Combining the two equations we
deduce the relation (no sum over i)
S = −Mi∂WNP
∂Mi
, (3.25)
where Mi is a diagonal element of the meson matrix. Using this equation we
can write the solution for the meson condensate in the form
Mi =
1
2
mµ
2
+
TrM
N
±
√(
mµ
2
+
TrM
N
)2
− 2Sµ
 ,
r solutions with the minus sign (M−i ) and the others with plus (M
+
i ) for a r
vacuum; the important thing is that it is not necessary to know the precise
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form of WNP . Notice that taking the sum over i of the above relation we
obtain precisely equation (3.22) since a =
√
2
NµTrM . We can now use equation
(3.23) to derive a relation between S and M :
log
(
SN
µNΛ2N−Nf
√
2
Nf
)
= (Nf − r) log
(
ξ
2
− 1
2
√
ξ2 − 4S
µ
)
+
r log
(
ξ
2
+
1
2
√
ξ2 − 4S
µ
)
= Nf log
S
µ
− (Nf − r) log
(
ξ
2
+
1
2
√
ξ2 − 4S
µ
)
−
r log
(
ξ
2
− 1
2
√
ξ2 − 4S
µ
)
= Nf log
S
µ
− log
(√2
µ
)Nf
(M−i )
r(M+i )
Nf−r
 .
In the last term we recognize the determinant of the meson matrix. We can
thus rewrite the previous relation in the form
SN−Nf =
µNΛ2N−Nf
detM
=
Λ
3N−Nf
1
detM
. (3.26)
Taking into account (3.25) we can deduce from this equation that
• For Nf < N WNP is precisely the ADS superpotential given in (3.11).
• For Nf = N we have the constraint detM = Λ2N1 .
• For Nf = N + 1 WNP assumes the form detM/Λ2Nf−31 .
• For Nf > N + 1 we find the “continuation” of the ADS superpotential
(the functional dependence on the fields is the same), which can be
obtained from the superpotential given in (3.11) by integrating out the
dual quarks (this is legal when the meson matrix has maximal rank);
see [23] and especially [230, 231] for a detailed discussion on this point.
We see that we can easily recover the nonperturbative part of the superpo-
tential using (3.20) without having to discuss the various ranges of Nf sep-
arately (an analogous result holds for the U(N) theory, as shown in [232]).
The result obtained agrees with (3.11) once the massive fields have been
integrated out and the baryons set to zero (we are discussing nonbaryonic
vacua). Such a relation between the DV superpotential and the instanton
superpotentials (3.11) for Nf ≤ N has been noticed previously in [233, 234].
The derivation there is based on the relation (see e.g. [222],[235])
WDV on-shell = µ
2
〈TrΦ2〉,
and on the explicit factorization of the Seiberg-Witten curve using random
matrices [236]. Notice that the above relation is easily recovered from what
we have done in the previous sections: the r.h.s. can be read off from the
1/z3 term of T (z) in (3.24) and is equal to S(N − Nf2 ) +µma N2√2 . The same
expression can be obtained from (3.20), once (3.22) and (3.23) are imposed.
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3.4 Chiral condensates in the r vacua and pseudo-
confining phase
In this section we use the machinery introduced so far to study the prop-
erties of r vacua. Our starting point is the system of equations (3.22) and
(3.23) and we will concentrate on the even Nf case for simplicity (the other
case is similar). The analysis performed so far is valid for large m, where
semiclassical tools are reliable.
The important point is that we can now let m decrease and follow the r
vacua in the nonperturbative region, comparing with the analysis at small m
performed in [23] using the SW curve. This process is quite nontrivial and,
as we will see, many interesting phenomena emerge.
We will show that for particular values of m the r vacua merge in a
superconformal fixed point and that in many cases for m small enough the
r vacua cross the cut of the N = 1 curve, signaling that a perturbative
analysis is no more adequate. This is the basic ingredient which will allow
us to understand precisely the correspondence between semiclassical (large
m) and quantum r vacua.
3.4.1 Coalescence of the r vacua
Solving (3.22) and (3.23) in the general case is a hard task. However, the
equations simplify considerably in the case r = Nf2 , leading to the solution
a =
Nf
2N −Nf
m√
2
, S = 2
Nf
2N−Nf ωkµΛ2 k = 0, . . . , N − Nf
2
− 1. (3.27)
Here ω is the (N − Nf2 )-th root of unity, giving the expected number of
vacua. Once we have determined these quantities we can calculate all the
chiral condensates and determine the position of the vacuum in the N = 2
moduli space using equations (3.18) and (3.12). If we now tune appropriately
the bare mass of the quarks the poles associated to the matter fields (located
at η) coalesce with one of the branch points of the N = 1 curve. Imposing
this condition we find (for k = 0)
m = ±2
6N−2Nf
4N−2Nf
2N −Nf
2N
Λ. (3.28)
One can notice that for these particular values of the masses something
special happens: the solutions (3.27) become solutions of (3.22) and (3.23)
for every r! Since the position in the N = 2 moduli space is uniquely
determined by a and S we find that for every r branch one vacuum coalesces
with the one we have considered so far, giving a superconformal point (in
the µ = 0 limit) characterized by a higher singularity of the SW curve. This
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is clear if we look at the factorization equation [235]
PN (z)
2 − 4Λ2N−Nf (z +m)Nf = H2(z)F (z),
y2 = µ2[(z − a)2 − 4S/µ] = Q2(z)F (z). (3.29)
Since S is nonzero the N = 1 curve is not a square and is divided by z +m
if the above condition is satisfied. In a r = Nf2 vacuum H
2(z) contains at
least a (z +m)Nf factor so the curve can be rewritten as (z +m)Nf+1G(z).
If Nf = 2N − 2 this point coincides with the maximally singular point of
[46]. As we change the value of m the r vacua separate again.
3.4.2 Transition from the pseudo-confining to the Higgs phase
Following the discussion in [222] we will now study the process of passing
poles through the cut of the matrix model curve. As pointed out in [216],
this fact signals the transition from the Higgs to the pseudo-confining phase.
To discuss this issue we set r = 0, so that equation (3.23) becomes
η˜ − a˜ = −ωkNf
Sˆ
N
Nf√
2
− ω−kNf Sˆ
1− N
Nf
√
2, Sˆ =
S
µΛ2
, η˜ − a˜ = (η − a)
Λ
. (3.30)
On the other hand, from the reduced N = 1 curve we deduce that the two
branch points linked by the cut are located at
z˜ = a˜± 2
√
Sˆ.
These two equations represent the basic ingredient for our analysis (from
now on we will omit the tilde and the hat). We consider moving the Nf
poles on top of each other (since we are considering the equal mass limit)
from infinity on the second sheet (since we are considering the r = 0 case)
towards the origin along a line of constant phase θ on the complex z-plane
η = Reiθ.
With a suitable phase redefinition (also of η) we can put (3.30) in the form
η − a = −S
N
Nf√
2
−
√
2S
1− N
Nf .
Nf = N
Let us start from the simplest case Nf = N in which the previous equation
becomes
a− η = S√
2
+
√
2,
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Figure 3.1: (On the left) as the poles located at η (represented by the dot on
the dashed line) move towards the origin the cut (the thick line in the figure)
shrinks without rotating. (On the right) as the poles move from the origin
on the first sheet to infinity they cross the cut (which opens up) and are sent
to the second sheet.
and from (3.22) we obtain the relation
a = −S
η
.
In order to understand how the cut moves as we change η, we can use the
above equations to reexpress the position of the branch points as a function
of η. We find
z = a± 2
√
S =
√
2±
√
−4
√
2η. (3.31)
From this equation we can see that, as long as we keep the phase of η
constant, the cut does not rotate and its lenght is proportional to
√|η|. The
important point to notice is that the branch cut and the line of constant phase
(the dashed line in figure1) always intersect at distance
√
2 from the origin,
so the poles can pass through the cut only when |η| = √2 (or equivalently
when the length of the cut is 4
√
2, as one can easily see from (3.31)). We
thus find the following picture: starting from infinity on the second sheet,
the poles cross the cut as we reach |m| = 2Λ (notice that this is precisely the
value found in (3.28), if we set Nf = N) and end up in the first sheet. When
we reach the origin (massless case) the cut closes up. If we start increasing
|η|, as we pass the critical value seen before, the poles are kicked back to the
second sheet (see figure1). We thus learn that the vacuum is always in the
pseudo-confining phase for large values of the mass!
Nf 6= N
Solving explicitly (3.30) in this case is not simple, nonetheless we can deduce
the basic features without a detailed calculation. Our expectation is that for
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Nf > N it is impossible to cross the cut only once and go to infinity on the
first sheet, interpolating from the pseudo-confining to the Higgs phase (see
[216] and [222]); we will now see that this is indeed the case. Let us recall
our basic equations: (3.23)
Sq√
2
=
a− η
2
± 1
2
√
(a− η)2 − 4S, q ≡ N
Nf
, (3.32)
where the + or - sign corresponds to a pole on the first or second sheet
respectively (as we can read from 3.23) and (3.22)
(2q − 1)a+ η = ∓
√
(a− η)2 − 4S (3.33)
(- for poles on the first sheet and + for poles on the second one). If we plug
the second equation into the first one we obtain
Sq√
2
= a(1− q)− η,
and comparing now with the second equation squared we find the relation
S1−q = a
q√
2
.
Summing the last two relations we end up with
Sq√
2
+
√
2S1−q = a− η.
We can deduce now that, for N ≤ Nf < 2N (or 12 < q ≤ 1), the asymptotic
behaviour for large |η| is
η ' Sq, a ' S1−q,
and this is incompatible with (3.32) taken with the + sign ,as we can see
expanding the square root: the requirement that R(z) vanishes on the first
sheet for z → ∞ (see the discussion after equation (3.16)) leads to the
following expansion for large mass√
ξ2 − 4S ' −ξ + 2S
ξ
+ . . . (3.34)
We can conclude that, for 2N > Nf ≥ N , we cannot cross the cut once
and go off to infinity on the first sheet. Clearly, this argument does not apply
in the Nf < N case: from (3.30) we cannot conclude that S tends to infinity
for large |η| and the following asymptotic behaviour is allowed
S → 0, η ' S1−q.
This is compatible with (3.32), taken with the + sign.
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3.4.3 Generic r vacua: semiclassical analysis
The equations for a generic r vacuum are not more difficult than those anal-
ized in the previous section so, the methods used there are applicable also in
this more general context. This section is devoted to the analysis of generic
r vacua, resulting in a precise understanding of the relation between semi-
classical and quantum vacua. The first thing one could ask is the following:
from the analysis of the equations of motion (reliable in the large m case)
we can conclude that r ≤ min [N − 1, Nf ]. On the other hand, from what
we have done so far, only the bound r ≤ Nf seems to be implied. Can we
recover the classical result from the matrix model framework? The answer
is positive and we will now show it.
Let us consider a r ≥ N vacuum. Equations (3.22) and (3.23) can be
recast in the form (written in terms of the dimensionless variables introduced
in (3.30))
(Nf − 2r)
√
ξ2 − 4S = (2N −Nf )a+Nfη,
ξ
2
+
1
2
√
ξ2 − 4S = S
1+ N−r
2r−Nf
√
2
Nf
2r−Nf
.
(3.35)
If we now plug the first equation into the second one we obtain
S
1+ N−r
2r−Nf
√
2
3Nf−4r
2r−Nf
= ξ
2r − 2N
2r −Nf + η
2N
Nf − 2r . (3.36)
Squaring instead the second equation we find
ξ =
S
1+ N−r
2r−Nf
√
2
Nf
2r−Nf
+
√
2
Nf
2r−Nf S
r−N
2r−Nf . (3.37)
Taking now the limit η → ∞ (large m or semiclassical limit) and recalling
that 0 ≤ r−N2r−Nf < 12 for Nf < 2N and r ≥ N , we can deduce from these two
equations that
ξ →∞, ξ ' S1+
N−r
2r−Nf .
As a consequence, we have that the ratio S/ξ2 tends to zero and expanding
the square root directly in (3.35) we find, using (3.34) as before
ξ ' S
r−N
2r−Nf .
Since we obtain two different asymptotic expansions for ξ, we can conclude
that equations (3.35) are inconsistent with the asymptotic behaviour of R(z)
given before, and we can discard r vacua with r larger than (or equal to) N.
We thus recover the semiclassical result.
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We can understand in a similar way the semiclassical behaviour for gen-
eral r. In the range Nf −Nc < r < N (in the case Nf > N), depending on
whether r is less or greater than Nf2 , equation (3.23) becomes respectively
ξ
2
− 1
2
√
ξ2 − 4S = S
N−r
Nf−2r
√
2
Nf
Nf−2r
,
or
ξ
2
+
1
2
√
ξ2 − 4S = S
1+ N−r
2r−Nf
√
2
Nf
2r−Nf
.
We pass from the first to the second set of vacua crossing the cut of the
matrix model curve. In the first case, since N−rNf−2r >
1
2 we have for large |η|
the following asymptotic behaviour from (3.34)
S →∞, ξ ' S
N−r
Nf−2r .
In the second case instead, from the fact that N−r2r−Nf > 0 we find
S → 0, ξ ' S
r−N
2r−Nf .
A special role is played by vacua with r = Nf −N : in [23] it was argued
that at the quantum level they are actually part of the baryonic root. The
argument involves showing that for m = 0 the SW curve becomes a perfect
square, whereas for nonbaryonic vacua it is characterized by two single roots.
We will see in a moment that our formalism allows to recover such a result
in a simple way. Equations (3.22) and (3.23) become in this case(
ξ
2
− 1
2
√
ξ2 − 4S
)2N−Nf
=
S2N−Nf√
2
Nf
,
√
ξ2 − 4S = ξ + 2N
2N −Nf η.
(3.38)
This system can be solved explicitly, leading to the 2N −Nf solutions
S =
√
2
Nf
2N−Nf N
2N −Nf η ω
k, ξ = −(
√
2
Nf
2N−Nf ωk +
N
2N −Nf η),
where ω is the 2N −Nf -th root of unity and k = 1, . . . , 2N −Nf (note that
in the special case N = Nf we recover the result of the previous section).
The above solution tells us that S vanishes in the massless case, recover-
ing the result that the SW curve becomes a perfect square in that limit, as
we can see from the factorization equation (3.29). On the other hand, the
vanishing of the gluino condensate signals a singularity in the description we
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are giving, as pointed out in [222]. This singularity is due to the presence
of massless degees of freedom that we are missing; in this case they can be
identified with the baryons, characteristic of the vacua in the baryonic root.
The vacua with r < Nf−N have the same asymptotic behaviour as those
withNf−N < r < Nf2 . The only difference is that crossing the cut we end up
with a vacuum characterized by r > N , which does not exist semiclassically,
as we have seen before. We conclude that it is not possible in this case to
cross the cut once and then go off to infinity. A special case is given by the
r = 0 vacua discussed in the previous section. It is anyway worth discussing
them because the remaining baryonic vacua fall in this class. If we square
equation (3.22) we find the relation
S =
(
N − r
Nf − 2r ξ +
N
Nf − 2rη
)(
Nf −N − r
Nf − 2r ξ −
N
Nf − 2rη
)
. (3.39)
Plugging this into (3.23) (and using (3.22) again) results in the equation
√
2
Nf
(
Nf −N − r
Nf − 2r ξ −
N
Nf − 2rη
)Nf−2r
=(
N − r
Nf − 2r ξ +
N
Nf − 2rη
)N−r (Nf −N − r
Nf − 2r ξ −
N
Nf − 2rη
)N−r
.
(3.40)
If r > Nf −N , then Nf −2r < N − r and this equation has degree 2N −Nf ,
giving the expected degeneracy of nonbaryonic vacua. If instead r < Nf −N
the previous equation becomes
√
2
Nf
(
Nf −N − r
Nf − 2r ξ −
N
Nf − 2rη
)Nf−N−r
=
(
N − r
Nf − 2r ξ +
N
Nf − 2rη
)N−r
In this case the degree is N − r = 2N −Nf + (Nf −N − r). We thus find
more solutions than the 2N −Nf associated to nonbaryonic roots; these are
precisely the missing baryonic vacua: in the limit η → 0 the above equation
gives Nf − N − r zero solutions. On the other hand, from (3.39) one can
easily see that S vanishes as well in this limit and the discussion made for
the r = Nf − N applies in this case too. The only difference is that the
full U(Nf ) flavor symmetry is restored in this class of vacua (the vev of the
meson matrix vanishes in the massless limit).
In the theories with Nf < N all the r vacua (0 ≤ r ≤ Nf ) fall in the
class Nf −N < r < N analysed above and also their asymptotic behaviour
is the same, so we do not need to discuss them further.
Let us summarize what we have found in this section:
• The r vacua exist for 0 ≤ r ≤ min [N − 1, Nf ].
• For Nf < N there are 2N −Nf vacua for every r in the above range.
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• For r < Nf − N (so Nf > N) we have 2N − Nf nonbaryonic vacua
and Nf − N − r baryonic vacua characterized by a restoration of the
flavor symmetry for every r.
• For r = Nf − N we have 2N − Nf baryonic vacua characterized by
dynamical breaking of the flavor symmetry.
• For Nf −N < r < N we have found 2N −Nf nonbaryonic vacua for
every r.
In the nonbaryonic vacua the pattern of flavor symmetry breaking is U(Nf )→
U(r)×U(Nf−r). If we deform the quark masses taking them to be unequal,
every r vacuum splits into
(
Nf
r
)
vacua, as shown in [23]. We thus recover
precisely the vacuum counting performed there.
3.4.4 Classical vs quantum r vacua
Let us now move to the main result of this section. In [23, 42] it was noticed
that there is a two-to-one correspondence, mapping both r and Nf − r semi-
classical vacua to r quantum vacua, which exist only for r ≤ Nf2 . Making
use of the matrix model technique we will be able to understand precisely
the origin of this map.
Interpolating between r and Nf − r classical vacua
Let us start with a r vacuum with Nf −N < r ≤ Nf2 and large |η|. If we now
let the mass decrease our vacuum enters the nonperturbative region and can
cross the cut of the matrix model curve. Depending on whether the vacuum
crosses the cut or not, it is characterized by r or Nf − r poles on the second
sheet respectively, and can be described by the (by now familiar) system of
equations
± (2r −Nf )
√
ξ2 − 4S = (2N −Nf )ξ + 2Nη,(
ξ
2
± 1
2
√
ξ2 − 4S
)Nf−2r
=
SN−r√
2
Nf
.
(3.41)
The sign is plus if it crosses the cut and minus in the other case. Our
purpose is now to determine the locus on the mass plane on which our r
vacuum crosses the cut. In order to do that we can add to the above system
the equation
η = a+ 2t
√
S → ξ2 = 4t2S, t ∈ [−1, 1], (3.42)
and try to solve it. If we square the first equation in (3.41), we find the
relation
4S = ξ2 −
(
2N −Nf
Nf − 2r ξ +
2N
Nf − 2rη
)2
.
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Combining this with (3.42) we can rewrite η in terms of ξ and t:
η = ±Nf − 2r
2Nt
ξ
(√
t2 − 1∓ t2N −Nf
Nf − 2r
)
. (3.43)
Combining now the second equation in (3.41) with the above relations we
find (
ξ2
4t2
)N−r
=
√
2
Nf
(
ξ
2
∓
√
t2 − 1
2t
ξ
)Nf−2r
.
Notice that N − r > Nf − 2r since we are considering the case r > Nf −N ,
so we can simplify the equation and put it in the form (unless ξ vanishes or
equivalently t = 0, but we will see that this is not a problem)
ξ2N−Nf =
√
2
Nf
22N−Nf t2N−Nf (t∓
√
t2 − 1)Nf−2r.
Using now (3.43) we can finally write the solution to our problem in the form
η = −ωk 2N −Nf
N
√
2
Nf
2N−Nf (t∓ q
√
t2 − 1)(t∓
√
t2 − 1)q, (3.44)
where ω is the 2N −Nf -th root of unity, k = 1, . . . , 2N −Nf and with q we
have indicated the ratio
q ≡ Nf − 2r
2N −Nf .
This is positive since 2r < Nf and 2N > Nf and is smaller than 1 because
r > Nf −N .
In (3.44) we have found 4N −2Nf solutions: 2N −Nf is the number of r
vacua and the sign ambiguity doubles that quantity. This is due to the fact
that crossing the cut the r vacuum becomes a Nf−r vacuum and (3.44) takes
into account the contribution from both sets of vacua (notice that a change
of sign in (3.44) can be undone sending q → −q, or equivalently r → Nf−r).
Focusing now on a specific vacuum (we set k = 0, the discussion is essentially
unchanged in the other cases) we can study the locus of points we have just
determined: the first property is
√
2
Nf
2N−Nf
Nf − 2r
2N
≤ |η| ≤
√
2
Nf
2N−Nf 2N −NfN,
the maximum is attained for t = ±1 and the minimum for t = 0. This
tells us that we can cross the cut and therefore interpolate between r and
Nf − r vacua only for values of m low enough. Consequently, a semiclassical
approach will always suggest us that we are dealing with vacua of different
kind. Anyway, we are now in the position to compare the semiclassical and
quantum behaviours: looking at (3.44) (let’s say with the plus sign, the other
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Figure 3.2: We have plotted (3.44) on the complex plane for q = 12 (the thick
blue line). For t = 1 the phase is 0, for t = 0 it is equal to 34pi and for
t = −1 it reaches 32pi. The line is open (as expected for q < 1) and the phase
of η changes by 32pi. |η| attains its minimum for t = 0 and its maximum for
t = ±1.
case can be recovered simply by complex coniugation) we can see that, as t
goes from 1 to −1, the phase of η changes by (1 + q)pi. The crucial point
now is that q < 1 in the range we are discussing, so the curve will not be
closed!
From this analysis we learn that, starting in the semiclassical regime with
a r vacuum, depending on how we choose to change the value of η, we can
reach the very strongly coupled region m ' 0 either crossing the cut or not;
in the second case we still have a vacuum with r poles on the first sheet,
but in the first one r and Nf − r are interchanged and going back to infinity
without crossing the cut again we can freely interpolate between the two
sets of vacua. Notice that such a process requires passing in the “strongly
coupled region" of the m-plane, where a fully quantum description is needed.
The same considerations are also valid in a r′ = Nf − r vacuum, apart from
the fact that we have to interchange the first case with the second one. The
result is thus that the 2N −Nf solutions of (3.41) (considering together the
+ and - cases) can all be obtained starting from a vacuum with r < Nf2 and
will coincide with those found starting from a r′ vacuum. Since ξ and S
determine uniquely the location of the vacuum in the N = 2 moduli space,
we conclude that there is no actual distinction between r and Nf − r vacua
at the quantum level (of course when both exist). This nicely explains the
results found in [23, 42] by matching the semi-classical and quantum vacua
with the same flavor symmetry breaking pattern.
Seiberg-Witten curve at classical r vacua
With the machinery developed in this chapter we can go further and prove
that the SW curve factorizes in the same way for r and Nf − r classical
vacua.
In [22] it was shown that the vacua which are not lifted by the N = 1
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perturbation µTrΦ2 are all the points in the moduli space such that the SW
curve factorizes as
y2 = (x+m)2rQ2N−r−1(x)(x− α)(x− β), r ≤
Nf
2
, (3.45)
and in such a vacuum the effective low energy theory includes an abelian
U(1)N−r−1 sector and a non-abelian one which is an infrared free U(r) gauge
theory with Nf massless flavors. It is then clear that classical r vacua with
r < Nf/2 fall in this class. In order to determine the form of the SW curve
at classical r vacua, our starting point will be equation (3.12), relating the
SW curve and the chiral condensates:
PN (z) = z
Ne−
∑
i
Ui
zi |+ + Λ2N−Nf (z +m)
Nf
zN
e
∑
i
Ui
zi |+, (3.46)
where Ui are the vacuum expectation values Ui = 1i 〈TrΦi〉 and the symbol
...|+ indicates that only terms with nonnegative powers of z are kept (PN (z)
is thus a polynomial). These in turn can be computed from the generalized
Konishi anomaly relations found in section 3.3:〈
Tr
1
z − Φ
〉
=
∑
i≥0
〈TrΦi〉
zi+1
=
Nf−2r
2
√
µ2(a+m)2 − 4Sµ
(z +m)
√
µ2(z − a)2 − 4Sµ
+
Nf/2
z +m
+
µ(N −Nf/2)√
µ2(z − a)2 − 4Sµ,
(3.47)
where S and a are the gaugino and meson condensates
S ≡ g
2
32pi2
〈WαWα〉 ; a ≡
√
2
Nµ
〈Q˜iQi〉 .
These can be determined from the Dijkgraaf-Vafa superpotential. The cor-
responding equations, determining at once S and a both for r and Nf − r
classical vacua, are 1(
(N − r)a
Nf − 2r −
rm
Nf − 2r
)N−r (Nf −N − r
Nf − 2r a+
(Nf − r)m
Nf − 2r
)N+r−Nf
= Λ2N−Nf
S = µ
(
N − r
Nf − 2ra−
r
Nf − 2rm
)(
Nf −N − r
Nf − 2r a+
Nf − r
Nf − 2rm
)
. (3.48)
1As explained before, the equations obtained by extremizing the DV superpotential
can be brought in this form only for r ≥ Nf −N . This will be enough for our purpose of
discussing the r ↔ Nf − r correspondence. The equations we have given in the previous
sections look slightly different from the ones given here. This is due to a different nor-
malization: if m′ and Λ′ denote the parameters used so far the following relations hold:
m = m′/
√
2 and Λ2N−Nf =
√
2
Nf (Λ′)2N−Nf . We changed notation because these are the
parameters entering in the SW curve.
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Of the 2N −Nf solutions N −r describe classical r vacua and the remaining
N + r−Nf correspond to Nf − r vacua. We can distinguish the two groups
of solutions exploiting the fact that S tends to infinity in the large m limit
only for classical r vacua with r < Nf/2.
Solving these equations in general is very hard and we will not attempt
to do this. However, in the massless limit they greatly simplify making it
possible to check our claim, as we will now see. In the massless case the
equation for a can be easily solved, leading to the 2N −Nf solutions
a = const.ωk2N−NfΛ; k = 1, . . . , 2N −Nf ,
where ω2N−Nf is the 2N − Nf -th root of unity. If we consider two roots a
and a′ such that a′ = ωj2N−Nfa for some integer j, we have from (3.47)∑
i≥0
〈TrΦi〉(a′)
(z′)i+1
=
1
ωj2N−Nf
∑
i≥0
〈TrΦi〉(a)
zi+1
=⇒
∑
i
Ui(a
′)
(z′)i
=
∑
i
Ui(a)
zi
,
where we have defined z′ = ωj2N−Nf z. Eq. (3.46) tells then that the SW
curve factorizes in the same way in all N − r vacua of a given r, and in all
vacua with r′ = Nf − r. Since we know that in all r vacua with r < Nf/2
the low energy physics can be described as an infrared free SQCD with r
colors for any value of m (see the above discussion), we know from [22] that
the SW curve factorizes precisely as in (3.45). This proves our claim. We
also checked the above relations for generic m in the case of SU(5) theory
with Nf = 6. We have verified by solving (3.46)-(3.48) with Mathematica
that both r = 2 and r = 4 classical vacua are described by the identical
singularity of the SW curve
y2 = PN (z)
2 − 4Λ2N−Nf (z +m)Nf ∼ (z +m)4 , (3.49)
corresponding to the quantum r = 2 theory of Section 1.4.3. The expression
for P5(x) from equation (3.46) is very lengthy and we will not write it.
However, there are two limiting cases worth mentioning: the massless and
the semiclassical (Λ → 0) one. In the massless limit we get the following
four solutions for P5(x):
x5 −
√
4
3
iΛ2x3 ± 16
9
(
−1
3
)1/4
Λ3x2,
x5 +
√
4
3
iΛ2x3 ± 16
9
(
−1
3
)1/4
iΛ3x2.
One can easily check that the SW curve satifies the factorization condition
(3.45) with r = 2. In the Λ → 0 limit we expect instead to recover the
semiclassical result: three r = 2 classical vacua (−m is a root of P5(x)
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with multiplicity two) and one r = 4 vacuum (−m is a root of P5(x) with
multiplicity four). Defining z = x+m we find infact the four solutions(
z − 5
3
m
)3
z2,
(
z − 5
3
m
)3
z2,
(
z − 5
3
m
)3
z2, (z − 5m)z4.
Notice that this result is obtained discarding all subleading terms (higher
orders in Λ/m); in the exact solution all the polynomials are divisible just
by z2. The point is that the coefficients for the cubic and quadratic terms
in z for the fourth polynomial are negligible in this limit.
3.5 Concluding remarks and discussion
In the present chapter we have seen how the Dijkgraaf-Vafa superpotential
and the generalized Konishi anomaly allow to analyse the properties of the
vacua of softly-broken N = 2 SQCD, even when a semiclassical analysis is
not valid. We recover all the properties derived in previous works and we
are able to perform the analysis for generic m, interpolating between the
quantum and semiclassical regimes. Some comments are in order regarding
the results of section 4.4 and the meaning of the two to one map of [23, 42].
As discussed in [42], when r > Nf2 the low energy theory is asymptotically
free and becomes strongly coupled in the infrared; the dynamics in that
regime is best described in terms of dual variables. The proposal of [42] is
that the dual theory has Nf flavors and Nf−r colors (like in Seiberg duality)
and is thus infrared free. This is the origin of the relation between r and
Nf − r vacua we have discussed: the infrared dynamics is the same. Notice
that this argument requires the presence of Nf massless flavors in the low
energy theory and this in turn implies the degeneracy of the bare masses for
the matter fields.
In section 3.4 we showed that both r and Nf − r semiclassical vacua
correspond to quantum r vacua and proved that the SW curve factorizes
in the same way in both cases. This correspondence is related in our lan-
guage to the possibility of crossing the cut which is invisible at the classical
level. This interpretation is also supported by the fact that the two sheets
are indistinguishable in the small z region, as noticed in [216]: for large z,
where a semiclassical analysis is reliable, the first sheet is characterized by
the vanishing of R(z) and one can characterize each vacuum specifying the
number r of poles on the first sheet. In a neighborhood of the origin instead,
where quantum effects cannot be neglected, the only meaningful quantity is
the partition (r,Nf − r). However, the relation we found requires that the
flavor symmetry (and thus the degeneracy of the masses) is not modified.
One might in fact observe that by passing the poles through the cut one by
one the relation between r and Nf − r vacua does not hold anymore. This
is certainly true but does not contradict our result, as we will argue now.
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Starting from a r vacuum (let us consider for concreteness r > Nf2 ) at
large m (so the vacuum is characterized by r poles on the first sheet), let
us change the value of one bare mass (this will be sufficient to illustrate
this point) and tune it to zero without crossing the cut (let us suppose the
corresponding pole is located on the first sheet). If we now tune to zero the
other Nf − 1 masses crossing the cut (and mantaining their degeneracy) we
end up with a vacuum characterized by r − 1 poles on the second sheet. If
we now let the common mass parameter become large (without crossing the
cut) we end up with a Nf + 1 − r vacuum. The key point is that we have
broken explicitly the flavor symmetry to SU(Nf − 1) in the process and the
Seiberg-like duality noticed in [42] relates now a theory with Nf − 1 flavors
and r− 1 colors to another with Nf − 1 flavors and Nf − r colors. Restoring
then the original flavor symmetry also the gauge symmetry is enhanced (the
rank increases by one) and taking the large m limit we recognize the physical
properties characterizing a Nf + 1 − r vacuum. We thus see that the two
descriptions (the one proposed in [42] and ours) of this process perfectly
agree.
Let us notice that all the poles have crossed the cut once apart from the
one we “moved” at the beginning. The process just described is thus equiva-
lent to the following one: we let one pole pass through the cut (keeping the
others fixed) and then go back to its initial position. Then we move all the
poles through the cut preserving the full SU(Nf ) flavor symmetry. The first
process is precisely the interpolation between Higgs and pseudo-confining
phases studied in [216] and relates r with r − 1 vacua, whereas the second
one is the interpolation we described in section 4.4. The mapping arising in
this case between classical and quantum vacua is thus obtained from the one
observed in [23, 42] and explained in this chapter simply applying the inter-
polation process of [216] and is perfectly consistent with the picture we are
proposing. A more complicated situation in which we move independently
several poles can be interpreted in a similar way.
A similar issue, namely the relation between classical and quantum vacua
in the case r = N for U(N) gauge theories has already been studied, using
completely different techniques, in [99, 101]. This case is in a certain sense
complementary to our analysis, since in SU(N) theories the r = N vacuum
does not exist. This vacuum undergoes a crossover transition and the duality
observed in these papers is Seiberg-like as in our case,relating a theory with
N colors to a infrared free one with Nf −N colors. This analysis has been
extended to other r vacua in [103, 104].
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Singular points in N = 2 SQCD
4.1 Introduction
This chapter is devoted to the study of singular points (and in particular
infrared fixed points) in N = 2 SQCD. It was soon realized that super-
conformal fixed points are ubiquitous in these models and their study was
initiated in [81] and [82]. In particular, in the latter reference general proper-
ties of conformal theories with N = 2 supersymmetry were derived, such as
the fact that mass parameters associated to a non-abelian global symmetry
cannot acquire anomalous dimension.
A more systematic analysis was initiated in [83] and especially [84], in
which the authors classified singular points in SU(N) SQCD with Nf flavors.
All these papers are based on the idea that the SW curve in a neighbourhood
of the singular point should exhibit scale invariance. Combining this with
the requirement that the SW differential has scaling dimension one fixes the
scaling dimensions of all the chiral operators.
This analysis revealed the existence (for any value of the bare mass m of
the flavors) of singular submanifolds in the moduli space such that the SW
curve factorizes as y2 = (x+m)2rQ(x) (2r ≤ Nf ). We already came across
this formula in chapter 3, while discussing r vacua. We have seen that the
low energy dynamics is described by a non-abelian SU(r) theory with Nf
massless matter fields in the fundamental representation. Only in the case
2r = Nf we have an interacting fixed point. Tuning m appropriately one
can find points in the moduli space where the curve becomes more singular.
In this latter case the approach of [84] leads to anomalous dimensions for
the casimirs of the non-abelian flavor group, contrary to the argument given
in [82].
More recently the situation has been reanalyzed in [46], in which the
authors show that this problem can be solved if one allows for the existence
of two scale invariant sectors, weakly coupled by a gauge field. This is anal-
ogous to Argyres-Seiberg duality [118] (and generalization thereof), apart
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from the fact that the gauge group appearing in the dual description is in-
frared free. This proposal also removes a possible counterexample to the
a-theorem [238] (see also [239, 240]).
In [84] the authors analyzed singular points in USp(2N) and SO(N)
gauge theories as well. The result of their study is that, as long as the fla-
vors are massive, the singular points are identical to those of SU(N) SQCD.
However, when the masses are set to zero the flavor symmetry enhances and
one finds a different class of fixed points. At that time no tools were avail-
able to study them but now, with the techniques of [118] and the methods
developed by Gaiotto in [44] and Tachikawa in [45], the problem can be ap-
proached. The scope of this chapter is to make a systematic analysis of these
singular points.
The extensive analysis of these models and of their softly broken ver-
sions (an incomplete list of references is [22, 23, 97, 241]) revealed that the
vacua which are not lifted by the massive perturbation µTrΦ2 are generically
characterized by a non-abelian gauge symmetry in the infrared. When the
flavors are massive the properties of these vacua are “universal” and do not
depend on the gauge group (for classical gauge groups).
In the massless limit this picture does not change for SU(N) theories,
whereas a different phenomenon occurs for SO and USp theories [23, 241]:
only two vacua remain. One is characterized by the condensation of baryonic-
like composite objects and is in a non-abelian Coulomb phase (this vacuum
was identified in [97]). The second one (called Chebyshev point in [23, 241])
arises from the collision of the other vacua and is in general characterized
by a strongly interacting low energy theory, which exhibits conformal invari-
ance in the N = 2 limit. In this sense the study of confinement in the softly
broken theory and the analysis of singular points in the parent N = 2 theory
are linked. As we will see, the study of maximally singular points will allow
us to understand the low energy physics at the Chebyshev point as well. The
properties of the theory once the N = 1 perturbation has been turned on
will be studied in chapter 5.
This chapter is organized as follows: in section 2 we review the argument
given in [46], which will be the key ingredient of our analysis, and explain the
properties of vacua relevant for the perturbation to N = 1. In section 3 we
determine the structure of the maximally singular point and the Chebyshev
point in USp(2N) gauge theory with 2n flavors. In section 4 we repeat this
analysis for SO gauge theories and we conclude with a discussion in section
5. As a byproduct we will recover many of the infinite coupling dualities
proposed recently.
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4.2 SU(N) SQCD with 2n flavors and r-vacua
We will now sketch the argument presented in [46]. As is well known, the
SW curve and differential for SU(N) SQCD with Nf = 2n flavors are
y2 = P 2N (x)− 4Λ2N−2n
2n∏
i=1
(x+mi), λ = xd log
PN − y
PN + y
,
with PN (x) = xN −
∑
k≥2 ukx
N−k. For our purposes, it is convenient to
rewrite the curve in the following way (see [46] for the details):
y2 = (xN−· · ·−uN )(xN−· · ·+(4ΛN−n−uN−n)xn−· · ·−uN )−
2n∑
k=2
ckx
2n−k.
Setting all the coulomb branch coordinates ui and casimirs of the flavor
symmetry ci to zero, we find the maximally singular (EHIY) point, where
the SW curve and SW differential become:
y2 = xN+n(xN−n + 4ΛN−n), λ ≈ y
xn
dx.
Requiring that the SW differential has dimension one gives the relation [y] =
1 + (n− 1)[x]. If we further impose the scale invariance of the curve we find
the equation 2[y] = (N +n)[x]. These relations fix the scaling dimensions of
x and y and in particular imply an anomalous dimension for the cubic and
higher casimirs of the flavor group ([ci] = (2N + i)/(N + 1)). So, when n is
at least two, the above analysis is inconsistent with the general constraints
for theories with N = 2 superconformal symmetry (e.g. the ci’s should have
canonical dimension [82]).
A natural resolution of this inconsistency is to identify subsectors with
different scalings of x; clearly the N+n colliding branch points will distribute
among the subsectors. The proposal of [46] is precisely along this line: the
authors introduce a particular scaling limit in which two subsectors emerge:
one is a DN−n+2 Argyres-Douglas theory [84, 235] (or maximally singular
point of SU(N − n+ 1) gauge theory with 2 flavors [46]; see also [242, 243])
and the other can be described as a three punctured sphere in the Gaiotto
framework [44], as we will now see.
The first step is to rewrite the curve in a “6d form”: one defines t = y/xn−1
(so the SW differential becomes λ ≈ tdx/x) and writes the curve as
t2 =(xN−n+2 − u1xN−n+1 − · · · − uN−n+2 − · · · − uN
xn−2
)
× (xN−n − · · ·+ (4ΛN−n − uN−n)− · · · − uN
xn
)−
2n∑
k=2
ckx
2−k.
(4.1)
Notice the presence of u1, which is a parameter proportional to
∑
imi and
not a coordinate on the Coulomb branch. This will be important in later
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sections. To account for the presence of two sectors, we now introduce two
scales A, B  1. Notice that with the above rescaling the condition [λ] = 1
implies [t] = 1 in both sectors. In the A sector (|x| ∼ A) we will impose
[x] = 1, in order to satisfy the constraint [ck] = k. This leads to the relation
ck ∼ O(kA). Consider now the term 4ΛN−nxN−n+2. It is clearly negligible
for |x| ∼ A (with respect to, e.g.
∑2n
k=2 ckx
2−k), and consequently has to
appear in the B sector (|x| ∼ B). This implies t2 ∼ N−n+2B , and since t has
scaling dimension one in both sectors, we deduce the relation
2A = 
N−n+2
B . (4.2)
Interestingly, the above considerations and the requirement that all the
coulomb branch coordinates appear in at least one sector necessarily imply
uk ∼ O(kB), k = 1, . . . , N−n+2; uk ∼ O(k+n−NA ) k = N−n+2, . . . , N.
Now it is possible to read from (4.1) the curves for the two subsectors
just collecting the leading order terms:
1. For |x| ∼ A we are left with
t2 =−
2n∑
k=2
ckx
2−k − (uN−n+2 + · · ·+ uN
xn−2
)
× (4ΛN−n − uN−n+2
x2
− · · · − uN
xn
).
(4.3)
As discussed in [46], this is the SW curve (when n > 2) for the Gaiotto
theory obtained compactifying n M5 branes on a sphere with three
regular punctures (two are maximal and one is described by a Young
tableau with columns of height {n−2, 1, 1}). Its global symmetry group
is SU(2)×SU(2n) and the corresponding casimirs are ci and uN−n+2+
c2/4Λ
N−n. This is precisely the interacting theory that enters in the
S-dual description of SU(n) theory with 2n flavors and its properties
have been studied in detail in [149]. For n = 3 this S-duality coincides
with Argyres-Seiberg duality and the A sector describes the E6 theory
of Minahan and Nemeschansky [128]. For n = 2 the theory becomes
free and describes three doublets of SU(2) (the global symmetry is
SU(2)× SO(6) ' SU(4)).
2. For |x| ∼ B we find instead
t2 = 4ΛN−n(xN−n+2 − u1xN−n+1 − · · · − uN−n+2)− c2. (4.4)
This is the SW curve for the DN−n+2 theory. For N = n this sector is
free and describes a doublet of hypermultiplets.
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Both theory 1 and theory 2 have an SU(2) flavor symmetry; in our con-
text the diagonal combination has been gauged and the SW curve for A <
|x| < B describes the tubular region associated to this gauge group (t2 =
−4ΛN−nuN−n+2 − c2).
As explained in [46], one can now evaluate the beta function for this
SU(2) gauge group from the above curve: a closed BPS string located in
the tubular region at constant |x| describes a W-boson with central charge
a, whereas a geodesic connecting a branch point at |x| ∼ B and another at
|x| ∼ A describes a monopole with central charge aD (see [174] for a detailed
discussion on this point).
a =
∫
|x|=const.
λ = 2piiα; α2 = −4ΛN−nuN−n+2 − c2,
aD =
∫ |x|∼B
|x|∼A
λ = α
(
N − n
N − n+ 2 log A + const.
)
.
Using then the relation τ = ∂aD/∂a and identifying A with the renormal-
ization group scale we obtain
dτ
d(log A)
=
b1
2pii
=
1
2pii
N − n
N − n+ 2 ,
where b1 is the one-loop coefficient of the beta function. We thus learn that
this SU(2) group is infrared free. Since the contribution to the beta function
from the three punctured sphere is 3, we can read out the contribution given
by the DN−n+2 theory:
bDN−n+2 = 2
(
1− 1
N − n+ 2
)
.
Indeed, this matches the result of [182] (the calculation can also be performed
using the techniques presented in [130]).
In view of the breaking to N = 1, the relevant points in the moduli space
are those such that the SW curve factorizes as
y2 = (x− α)(x− β)Q2(x). (4.5)
As shown in [22, 23], in the case of equal masses mi, these vacua are labelled
by an integer r (0 ≤ r ≤ Nf/2), corresponding to the fact that Q(x) factor-
izes as Q(x) = (x + m)rQ˜(x).When the N = 1 perturbation is turned on,
for m  Λ the theory is in the Higgs phase, whereas in the limit m  Λ
it becomes confining. For each value of r there are 2N − Nf vacua and
the low energy effective theory is characterized by an abelian sector and a
non-abelian one with U(r) gauge group and Nf massless matter fields in the
fundamental representation. For r < Nf/2 the low energy theory is infrared
free and admits a lagrangian description. More interesting is the situation
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for r = Nf/2: in this case the non-abelian sector of the low energy theory
is superconformal and the scaling dimensions of chiral operators can be de-
termined as in [84] (in this case the casimirs have canonical dimension and
there is no need to introduce two sectors). For generic values of the mass
parameter m, this is the whole story. However, if one sets m equal to
m = ωk2N−Nf
2N −Nf
N
Λ,
one can show [37] 1 that some of the r vacua (one for each value of r) collide
and the curve becomes more singular. This signals the transition from Higgs
to confinement phase [37]. In this limit α or β in equation (4.5) become
equal to −m and the SW curve and differential can be approximated as
y2 ≈ (x+m)Nf+1, λ ≈ y
xn
dx.
Here we recognize the EHIY point when N = n+1. Indeed, as was argued in
[84], the physics of this singular point is that for the EHIY point of SU(n+1)
gauge theory with 2n flavors. In this case the B sector is given by the D3
theory.
We thus propose that the low-energy physics at this point is described
by:
• An abelian U(1)N−n−1 sector with massless hypermultiplets charged
under each U(1) factor.
• The D3 theory (B sector).
• The scale invariant theory entering in the S-dual description of SU(n)
SQCD with 2n flavors (A sector).
• An infrared free SU(2) gauge multiplet coupled to sectors A and B.
This is identical to the proposal made in [46], apart from the fact that
the abelian sector includes hypermultiplets charged under the various U(1)
factors (one for each U(1)). This comes from the requirement that the point
we are discussing is not lifted by the N = 1 perturbation [22, 23]. This
is not the case for the EHIY point discussed in [46] (apart from the case
N = n+ 1).
4.3 USp(2N) SQCD with 2n flavors
Let us turn to N = 2 gauge theories with USp gauge group and Nf hy-
permultiplets in the fundamental representation (we consider only the equal
1In [37] the formula for m is different. The discrepancy is simply due to a different
convention (which is the one adopted in [216]): indicating with m˜ and Λ˜ the parameters
used in those papers, we have m = m˜/
√
2 and Λ2N−Nf =
√
2
Nf Λ˜2N−Nf .
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mass case as before). If the bare mass m for the matter fields is different
from zero, the flavour symmetry is U(Nf ) and, as we said in the introduc-
tion, one recovers the results found in the previous section; in particular the
vacua surviving the N = 1 perturbation have exactly the same structure as
the r-vacua of SU(N) SQCD (see [84, 76, 23, 97]) and all the superconformal
points are analogous to those described in the previous section.
More interesting is the case of massless matter fields: the first main
difference is the flavor symmetry, which is enhanced to SO(2Nf ). Moreover,
all the r vacua merge into a single superconformal point in this limit [23] (we
will refer to it as the Chebyshev point from now on, because its location in
the Coulomb branch is determined by Chebyshev polynomials [23]). As the
symmetry enhancement suggests, this fixed point is different from those we
have seen so far. The purpose of this section is to study the superconformal
points of massless USp(2N) SQCD with Nf = 2n.
The SW curve and SW differential for this model are [76]:
xy2 = [xPN (x) + 2Λ
2N−2n+2∏
i
mi]
2 − 4Λ4N−4n+4
∏
i
(x−m2i ), (4.6)
λ =
√
x
2pii
d log
(
xPN (x) + 2Λ
2N−2n+2∏
imi −
√
xy
xPN (x) + 2Λ2N−2n+2
∏
imi +
√
xy
)
. (4.7)
where PN (x) = xN − u1xN−1 − · · · − uN and mi are the masses for the
flavors. Note that in the SU(N) case u1 was a parameter while in this case
is a coordinate on the Coulomb branch. We can now rewrite the curve as
xy2 = (xN+1 − u1xN − · · · − uNx+ c˜2n)2 − 4Λ4N−4n+4x2n −
∑
i
c2ix
2n−i,
where c2i, c˜2n are the SO(4N) casimirs. We can further rewrite it as
xy2 =−
∑
i
c2ix
2n−i + (xN+1 · · · − uN−n+1xn · · ·+ c˜2n)
× (xN+1 · · · − (uN−n+1 − 4Λ2N−2n+2)xn · · ·+ c˜2n),
where we just redefined uN−n+1. If we set to zero all ci and uk, we find the
maximally singular point, where the curve and differential become
y2 = xN+n(xN−n+1 + 4Λ2N−2n+2), λ =
y
xn
dx. (4.8)
We thus come across the same problem found in the previous section: im-
posing [λ] = 1 and [y] = N+n2 [x] leads to anomalous dimensions for the
non-abelian casimirs (c2i = 2 + (i − 1)[x] = 2N−n+1+iN−n+2 ). In order to deter-
mine the structure of this infrared fixed point, we can adopt the technique
seen before and introduce two different sectors.
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It is now convenient to define t = y/xn−1 and rewrite the curve as
t2 = (xN+2−n · · ·+ c˜2n
xn−1
)(xN+1−n · · ·+ c˜2n
xn
)−
∑
i
c2ix
1−i. (4.9)
The constraint [c2i] = 2i can be satisfied introducing the scale A and setting
c2i ∼ O(2iA), |x| ∼ 2A. This gives t ∼ A. A second sector emerges as we
introduce the scale B and set |x| ∼ 2B. The same reasoning adopted in the
previous section leads to the relation t2 ∼ xN+2−n, from which we deduce
2N+4−2nB = 
2
A.
The Coulomb branch coordinates are then scaled to zero as
ui ∼ O(2iB) i = 1, . . . , N − n+ 2; uN−n+2+i ∼ O(2+2iA ) i = 0, . . . , n− 2.
Collecting the leading terms as before we can now determine the SW curves
for the two sectors.
For |x| ∼ 2A the curve becomes
t2 =−
∑
i
c2ix
1−i +
(
uN+2−n + · · ·+ c˜2n
xn−1
)
×
(
4Λ2N+2−2n − uN−n+2
x
+ · · ·+ c˜2n
xn
)
.
(4.10)
It has 2n− 2 branch points.
The remaining N − n+ 2 branch points appear in the second sector, for
|x| ∼ 2B. The curve becomes in this case
t2 = 4Λ2N+2−2n(xN+2−n − · · · − uN−n+2)− c2. (4.11)
Let us analyze these two regions:
For |x| ∼ 2B we recognize the curve we have seen before: this is the
SW curve for the DN−n+2 theory. The only difference with respect to the
SU(N) case is that, as we noticed before, u1 is a coordinate on the Coulomb
branch in the present context. The flavor symmetry of this theory is thus
just SU(2). Two special cases are N = n, when the theory becomes free
and describes a doublet of SU(2), and N = n− 1, when the curve becomes
trivial and describes an “empty” theory [118].
The curve for the region |x| ∼ 2A is new; it has SU(2) × SO(4n) flavor
symmetry and can be described as the compactification on a three punctured
sphere of the 6d (2, 0) Dn theory [45], as we will now see, for n > 2. For
n = 2 it becomes a free theory.
The SW curve for this class of theories can be written in the form
λ2N =
∑
k
φ2k(z)λ
2N−2k, λ = v
dz
z
. (4.12)
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The theory is specified by the singularities on the Riemann surface, which
are labelled by Young tableaux (in the case of regular punctures) as in the
AN case. From the Young tableaux one can read out the pole structure of the
various k-differentials and then determine the Coulomb branch coordinates
using Riemann-Roch theorem 2. The pole structure at each puncture can be
determined as follows [45, 163, 164]:
• Take the longest even row in the Young tableau which occurs with odd
multiplicity (in our case the row of length four) and remove the last
box. Place it at the end of the next available row (such that the result
is a Young tableau). Repeat this operation until it stops (the resulting
Young tableau does not contain even rows with odd multiplicity).
• Number the boxes of the “corrected” Young tableau as follows: start
with zero in the first box and number the boxes in the first row with
successive integers. When you reach the end of the row, repeat that
number in the first box of the following row and continue.
The numbers inserted in boxes number 2, 4, . . . , 2N are the orders of the
pole of φ2, φ4, . . . , φ2N = (φ˜N )2 at the given puncture. As we have seen the
algorithm for AN punctures is obtained just neglecting the first step (odd de-
gree differentials φ2k+1 do not vanish in the AN case, and the corresponding
degree of the pole is the integer contained in boxes number 2k + 1).
Let us apply the above algorithm to a sphere (depicted in figure4.1) with
two maximal punctures (labelled by a Young tableau with a single row of
length 2n) and a third one labelled by a Young tableau (always with 2n
boxes) with a row of length 4 and the others of length one (these are all
grey punctures in the notation of [45]). The pole structure at the maximal
puncture is {1, 3, . . . , 2n−3;n−1}, whereas the other puncture assigns pole
orders {1, 2, . . . , 2; 1}. The last entry represents the order of the pole of φ˜n.
The k differentials can thus be written as
φ2k = 2
u2kz
(z − 1)2
(
dz
z
)2k
2k = 4, . . . , 2n− 2; φ2 = φ˜n = 0.
The SW curve can then be derived just by plugging this result in (4.12). If
we now multiply both sides by (z − 1)2/v2n and define y = z − 1, x = v2 we
find
y2 = 2
n−1∑
k=2
u2k
xk
(y + 1) =⇒
(
y −
n−1∑
k=2
u2k
xk
)2
=
(
n−1∑
k=2
u2k
xk
)(
2 +
n−1∑
k=2
u2k
xk
)
.
2Contrary to the AN theory, in which this is the general recipe, the DN theory has a
further complication: the coefficients one extracts using Riemann-Roch theorem obey in
general non-trivial polynomial relations and one must take this into account in order to
extract the true coordinates on the Coulomb branch (see [164] for a detailed analysis of
this issue). However, this will not be important in the present case.
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Figure 4.1: The three punctured sphere that represents the theory entering in
the S dual description of USp(2N) with 2N + 2 flavors (in this case N = 3).
Defining now (y −∑n−1k=2 u2kxk )2 = t2/x2 and multiplying both terms by x2
we immediately recognize (4.10), with ci and uN−n+2 set to zero. These
are the mass parameters associated with the SO(4n = 2Nf )× SU(2) flavor
symmetry of the theory.
Following [46], our interpretation is that the infrared physics at the max-
imally singular point can be described by the two sectors A (|x| ∼ 2A) and
B (|x| ∼ 2B); both sectors have SU(2) global symmetry and the diagonal
combination is promoted to a gauge symmetry.
The A sector we have just described (see figure 4.1) already appeared
in [45] (and for N = 3 was studied in [163]), where it was recognized that
it enters in the S dual description of the scale invariant USp(2N) theory
with 2N + 2 flavors: in the infinite coupling limit the two simple punctures
collide and this three punctured sphere emerges from the collision. Indeed,
we can understand this duality using the analysis of the maximally singular
point given above: if we apply the same strategy to the scale invariant case,
so that the maximally singular point is precisely the origin of the Coulomb
branch, we find a B sector which is trivial and thus the S dual description
is given by the A sector, with an SU(2) subgroup of the global symmetry
group gauged. The commutant SO(2Nf ) is the flavor group of the original
theory. For N = 1 the theory is USp(2) ' SU(2) with 4 flavors, which has
SO(8) flavor symmetry. In this case the A sector becomes free and describes
four doublets of SU(2). For N = 2 the theory is USp(4) with six fields in the
fundamental. This case has been studied by Seiberg and Argyres in [118],
where it was recognized that the A sector coincides with the E7 SCFT of
Minahan and Nemeschansky [133] (so in this case there is an enhancement
from the naive SU(2) × SO(12) to E7). Indeed, the scale invariance of the
curve requires (for N = n−1) that the SU(2) beta function is zero, so the A
sector should give the same contribution as 4 flavors. This obviously works
in the N = 1 case and tells us that the SU(2) central charge is 8 in the
other cases. This is precisely the value found in [163] for the puncture with
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partition {2n− 3, 1, 1, 1}.
We can now determine the beta function of the SU(2) gauge group emerg-
ing at the maximally singular point with the same technique adopted in the
previous section: the curve for 2A < |x| < 2B represents a tubular region
associated with the SU(2) gauge group. We can thus compute a and aD and
then determine the generalized coupling constant τ = ∂aD/∂a.
a =
∫
|x|=const.
λ = 2piiα; α2 = −4Λ2N+2−2nuN−n+2 − c2,
aD =
∫ |x|∼2B
|x|∼2A
λ = α
(
2N − 2n+ 2
N − n+ 2 log A + const.
)
.
Identifying as before A with the energy scale we find
b1 = 2
(
1− 1
N − n+ 2
)
,
which is the contribution to the beta function of the DN−n+2 theory. Indeed,
this is the expected result, since the contribution from the A sector, as we
have just seen, saturates the SU(2) beta function.
The case n = 1 deserves some comments: the A sector becomes trivial
and we are left with the DN+1 theory, which has SU(2) flavor symmetry and
not SO(4)! Let us analyze the curve carefully in this case:
xy2 = (xN+1− · · · − uNx+ c˜2)(xN+1− · · · − (uN ± 4Λ2N )x+ c˜2)− c2x− c˜22.
Scaling towards the small x region we find
y2 = ±4Λ2N (xN+1 − · · · − uNx)− c2 ± 4Λ2N c˜2,
where the casimir associated to the SU(2) global symmetry is c2 ± 4Λ2N c˜2.
The ± term reflects the fact that there are two maximally singular vacua,
corresponding to uN = ±2Λ2N (clearly, this is true also for n > 1). The
n = 1 case is special because the two quadratic casimirs of SO(4) enter
symmetrically in the scaled curve and in each one of the two singular points
only an SU(2) subgroup acts. Of course, it is well known that this occurs in
the N = 1 case (i.e. the USp(2) ' SU(2) gauge theory with two massless
flavors): in this case the two singular points describe two hypermultiplets
which are neutral under an SU(2) subgroup of the SO(4) flavor symmetry
group.
We are now in a position to determine the infrared physics at the Cheby-
shev point. The SW curve and differential are [23]
y2 ≈ x2n, λ ≈ y
xn
dx.
This are precisely the curve and differential at the maximally singular point
of USp(2n) theory with 2n flavors, in which the B sector describes a doublet
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of SU(2). We thus propose that the low-energy description at the Chebyshev
point of USp(2N) theory with 2n massless flavors includes:
• An abelian U(1)N−n sector, with massless particles charged under each
U(1) subgroup.
• The A sector described above, with global symmetry SU(2)×SO(4n).
• A third sector consisting of two hypermultiplets, whose symmetry is
SU(2). The gauging of the diagonal SU(2) couples the last two sectors.
Notice that for n = 2 the A sector becomes free and describes four doublets
of SU(2).
4.4 SO(N) SQCD
We can extend this analysis to theories with gauge group SO(N), that ex-
hibit the same phenomena described in the previous section (coalescence of r
vacua and flavor symmetry enhancement in the massless limit). We analyze
first theories with N even and then those with N odd.
4.4.1 SO(2N) SQCD with 2n flavors
Let us consider SO(2N) gauge theory with Nf = 2n flavors. The theory
becomes superconformal for n = N−1 and in the massless limit has USp(4n)
flavor symmetry. The SW curve and differential are
y2 = xP 2N (x)− 4Λ4N−4n−4x3
∏
i
(x−m2i ), (4.13)
λ =
√
x
2pii
d log
(
xPN (x)−
√
xy
xPN (x) +
√
xy
)
, (4.14)
where PN (x) = xN −
∑N−1
k=1 ukx
N−k − (uN )2 (u1 is a Coulomb branch co-
ordinate in this case as well). With usual manipulations we can rewrite the
curve as
y2 =−
2n∑
k=1
c2kx
2n+3−k + x(xN − · · · − u2N )
× (xN − · · ·+ (4Λ2N−2n−2 − uN−n−1)xn+1 − · · · − u2N ).
Here we have simply redefined uN−n−1 + 2Λ2N−2n−2 → uN−n−1. Turning
off all the parameters we then get the maximally singular point:
y2 = xN+n+2(xN−n−1 + 4Λ2N−2n−2), λ =
y
xn+2
dx. (4.15)
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Rescaling the curve as before we obtain (t = y/xn+1)
t2 =−
2n∑
k=1
c2kx
1−k +
(
xN−n − · · · − uN−n − · · · − u
2
N
xn
)
×
(
xN−n−1 − · · ·+ (4Λ2N−2n−2 − uN−n−1)− · · · − u
2
N
xn+1
)
.
(4.16)
We can now introduce the two sectors imposing |x| ∼ 2A and |x| ∼ 2B.
Setting c2k ∼ O(2kA ) leads to t ∼ A in the A sector and t ∼ N−nB in the
second one, so we deduce
A = 
N−n
B .
The same argument we gave in sections 2 and 3 then assigns
ui ∼ O(2iB) i = 1, . . . , N − n; uN−n+i ∼ O(2+2iA ) i < n; uN ∼ O(n+1A ).
The SW curve in the B sector is the by now familiar curve for the DN−n
theory:
t2 = 4Λ2N−2n−2(xN−n − · · · − uN−n)− c2.
In the conformal case N = n+1 this sector is trivial and describes a doublet
of hypermultiplets when N = n+ 2. The A sector is described by the curve
t2 =
(
uN−n − · · · − u
2
N
xn
)(
4Λ2N−2n−2 − uN−n
x
− · · · − u
2
N
xn+1
)
−
2n∑
k=1
c2kx
1−k
This curve has 2n+ 2 branch points and contrary to the USp(2N) case the
A sector is never free. The global symmetry group is SU(2)×USp(4n) and,
as usual, the SU(2) gauge group is gauged. In the scale invariant case we
recover a S-dual description similar to the one for USp(2N): the B sector
is trivial and we are left with the A sector with an SU(2) subgroup of the
flavor symmetry group gauged. Now one can repeat the calculation of the
SU(2) beta function with the same technique adopted in sections 2 and 3;
the result is
b1 = 2
(
1− 1
N − n
)
.
This coincides again with the contribution of the DN−n theory, so the con-
tribution from the A sector must saturate the SU(2) beta function as before.
Also in this case a description in terms of 6d (2, 0) Dn+1 theory com-
pactified on a three punctured sphere is available (for n > 1). The only
new ingredient is the presence of black puntures (in the notation of [45]), or
C-partitions in the language of [163, 164]. To determine the theory, the sim-
plest way is to notice that the A sector emerges in the dual description (of the
strong coupling limit) of the scale invariant SO(2N) SQCD. The collision of
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Figure 4.2: The three punctured sphere associated to the SCFT entering in
the S dual description of SO(2N) with 2N − 2 flavors (in this case N = 4).
The black dot indicates the D-partition and we have drawn the correspond-
ing Young tableau. The two maximal C-partitions are indicated with ?. To
visualize the presence of the twist we draw a dashed line.
the simple punctures produces as before the D-partition (or grey puncture)
described by Young tableau with 2n+ 2 boxes, organized in a row of length
four and the others of unit length (see figure4.2). This puncture gives rise
to an SU(2) global symmetry group with central charge k = 8, which is
precisely the value needed to saturate the beta function. The remaining two
punctures are described by a Young tableau with 2n boxes and a single row.
The pole structure for the k-differentials encoded in this puncture has been
determined in [45] and is {1, . . . , 2n− 1;n+ 1/2} 3. The fractional degree of
the pole for φ˜n+1 is not a problem, since we have two such punctures. Turn-
ing around one of them we find φ˜n+1 → −φ˜n+1, which is precisely the action
of the Z2 outer automorphism of the Dn+1 Lie algebra [165] (see figure4.2).
The k-differentials can thus be written as
φ2k =
u2kz
(z − 1)2
(
dz
z
)2k
k = 2, . . . , n; φ˜n+1 =
un+1
√
z
z − 1
(
dz
z
)n+1
.
Using (4.12) we find the following SW curve:
v2n+2 =
z
(z − 1)2
(
n∑
k=2
u2kv
2n+2−2k + u2n+1
)
.
With the same manipulations described in section 3 we get precisely the
curve for the A sector.
The case n = 1 deserves some comments: the A sector has (at least)
SU(2)×USp(4) global symmetry and turning off all the mass deformations
3The algorithm for determining the pole structure for general C-partitions is different
with respect to the one described in section 3 and in this paper we will not need it. The
interested reader can find an exhaustive discussion on this point in [164].
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its curve becomes
t2 = −u
2
N
x
(
4Λ2N−4 − u
2
N
x2
)
.
It describes a rank one, scale invariant theory with a Coulomb branch coor-
dinate of dimension 2. Notice also that the discriminant is proportional to
u6N . The possible scale invariant singularities of rank one curves were clas-
sified in [128] (see also [244]) and just from these data we can associate the
above curve with the D4 singularity 4. In [146] it was pointed out that this
is not enough to identify the A sector: there are different theories associated
with the same singularity and one should turn on the mass deformations
in order to distinguish them. In the case of the D4 singularity there are
two possibilities: one theory has SO(8) global symmetry and the second one
SU(2) (corresponding to SU(2) gauge theory with 4 hypermultiplets in the
doublet or one in the adjoint). The second possibility can be ruled out since
our theory has a larger global symmetry group. We can thus identify the A
sector with the origin of the Coulomb branch of SU(2) theory with 4 mass-
less flavors. This theory has central charges a = 23/24, c = 7/6 and SO(8)
global symmetry with central charge kSO(8) = 4 (see e.g. [131]). Here we see
once again the phenomenon first described by Argyres and Seiberg in [118]:
SO(8) has a maximal SU(2)×USp(4) subgroup and by gauging the SU(2)
factor we recover the USp(4) symmetry of the parent gauge theory.
We can confirm our claim looking at the conformal case, namely SO(4)
gauge theory with two flavors: this theory is equivalent to the SU(2) gauging
of the A sector. We expect the SU(2) beta function to vanish and the value
of the central charges a and c should match in both descriptions. The SU(2)
central charge can be computed using the formula given in [118]
kSU(2) = ISU(2)↪→SO(8)kSO(8),
where I is the embedding index introduced in chapter 2. Using for example
that the 8V of SO(8) decomposes as 8V = (3,1) ⊕ (1,5) under SU(2) ×
USp(4), we obtain [118]
ISU(2)↪→SO(8) =
T (3) + 5 · T (1)
T (8V)
= 2.
We thus find that the SU(2) central charge is 8, which is precisely the value
needed to saturate the beta function. Finally, summing the contribution to
a and c coming from the SU(2) gauge group and from the A sector we get
precisely the central charges for the SO(4) theory with two flavors, which is
nothing but the SU(2) × SU(2) gauge theory with two hypermultiplets in
the (2,2).
4In the present context the A-D-E nomenclature comes from a correspondence between
the A-D-E affine Lie algebra extended Dynkin diagrams and the pattern of blowups re-
solving those singularities. This should not be confused with the D4 Argyres-Douglas
theory we have discussed so far (see e.g. [244]).
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4.4.2 SO(2N + 1) SQCD with 2n+ 1 flavors
The above analysis can be repeated for SO(2N + 1) gauge theories with odd
number of flavors Nf = 2n+ 1. The SW curve and differential are
y2 = xP 2N (x)− 4Λ4N−4n−4x2
∏
i
(x−m2i ), (4.17)
λ =
√
x
2pii
d log
(
xPN (x)−
√
xy
xPN (x) +
√
xy
)
, (4.18)
Redefining uN−n−1 + 2Λ2N−2n−2 → uN−n−1 we can rewrite the curve as
y2 =−
2n+1∑
i=1
c2ix
2n+3−i + x(xN − · · · − uN )
× (xN − · · ·+ (4Λ2N−2n−2 − uN−n−1)xn+1 − · · · − uN ).
The most singular point can be found setting all C2i and ui to zero:
y2 = xN+n+2(xN−n−1 + 4Λ2N−2n−2); λ ≈ y
xn+2
dx.
As before, when N = n+ 1 the theory is conformal and this point coincides
with the origin of the Coulomb branch. When N = n + 2 we recover the
Chebyshev point, where the curve degenerates as y2 ≈ xNf+3.
We can now set t = y/xn+1 and introduce the A and B sectors, in which
|x| ' 2A and |x| ' 2B respectively. The same argument given in the previous
sections leads us to the relation A = N−nB and to the assignment
ui ∼ O(2iB) i = 1, . . . , N − n; uN−n+i ∼ O(2+2iA ).
The curves describing the theories in the two sectors can now be readily
identified: the B sector is the DN−n theory (when N = n+ 2 it describes a
doublet of SU(2) and when N = n + 1 becomes trivial) and the curve for
the A sector is
t2 =−
2n+1∑
i=1
c2ix
1−i −
(
uN−n + · · ·+ uN
xn
)
×
(
4Λ2N−2−2n − uN−n
x
− · · · − uN
xn+1
)
.
(4.19)
One can see from the above curve that this sector has SU(2) × USp(4n +
2) global symmetry, since the mass parameters precisely correspond to the
casimirs of this group. To identify the theory, let us start from the n = 1
case. Turning off the mass parameters we are left with the curve (setting
4Λ2N−4 = 2)
t2 = −u
x
(
2− u
x2
)
.
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To bring it to a more familiar form, it is now convenient to define y = tx2.
We then find
y2 = −ux(2x2 − u); ∂λ
∂u
=
dx
y
.
Making then the change of variables
y = − y˜
2u
; x = − x˜
2u
,
we recognize the curve for the E7 SCFT of Minahan and Nemeschansky
[133]:
y˜2 = x˜3 − 2u3x˜; ∂λ
∂u
=
dx˜
y˜
.
The fact that only an SU(2)×USp(6) subgroup of E7 appears in (4.19) can
be understood in terms of the phenomenon mentioned in the previous section
[146, 134]: there is more than one theory described by the above curve and in
order to distinguish them one has to turn on the mass deformations. They are
characterized by different flavor symmetries and the Minahan-Nemeschansky
theory is just the one with the largest symmetry group. In [134] the authors
recognized that the SU(2)×USp(6) theory enters in the S-dual description
of SO(5) gauge theory with three flavors at the infinite coupling point and
called it submaximal mass deformation of the E7 theory.
We already encountered the E7 theory in section 3: it is the A sector for
USp(2N) SQCD with six flavors. Comparing equations (4.10) and (4.19),
we can see that the analogy between the A sectors of these two theories is not
limited to this case! The A sectors of SO(2N + 1) SQCD with Nf = 2n+ 1
flavors and USp(2N) SQCD with Nf = 2n+ 4 flavors are described by the
same curve (once we have set to zero the mass deformations), with Coulomb
branch coordinates of the same scaling dimension. However, the flavor sym-
metry groups are different: USp(4n+ 2) and SO(4n+ 8) respectively. Here
we see some higher rank examples of the phenomenon studied in [146, 134]
(in the language of Argyres and Wittig the first theory represents a submax-
imal mass deformation of the second one). This is not surprising since the
SW curves and differentials for SO(2N + 1) SQCD with Nf = 2N − 1 and
USp(2N) SQCD with Nf = 2N + 2 coincide in the massless case.
4.5 Other singular points
So far we have discussed singular points in SU(N), USp(2N) and SO(2N)
SQCD with even number of flavors and SO(2N + 1) SQCD with odd num-
ber of flavors. The most natural question now is: what happens in the other
cases? In this section we will try to say something about singular points in
these models. It is worth anticipating that the two sector structure encoun-
tered in the previous sections will not appear in this case. We will identify
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(at least in most cases) the corresponding BPS quivers using the technique
developed in [47]. In this paper the authors identify the quiver for an infi-
nite family of SCFTs with ADE flavor symmetry. The idea is to start from
a 4d theory engineered “compactifying” type IIB string theory on the local
Calaby-Yau hypersurface
WG,s(z, x1, x2, x3) = Λ
be(s+1)z + Λbe−z +WG(x1, x2, x3), (4.20)
where WG is the minimal ADE singularity of type G. For s = 0 this gives
SYM theory with gauge group G. Using the 2d/4d correspondence one can
identify the BPS quiver and then, decoupling the G gauge group, one is left
with a superconformal theory with (at least) G flavor symmetry which the
authors call D(G, s) (we will refer to them also as Dp(G) theories, where
p = s+ 1).
In [41] we continued the analysis of these models. In particular it was
shown that the a and c central charges can be written in terms of Lie algebraic
invariants. The c central charge is given by the formula
c =
1
12
(ceff + rankB), (4.21)
where ceff coincides with the c central charge of the corresponding two
dimensional model. For Dp(G) theories it is equal to
(p− 1)r(G)h(G), (4.22)
where r(G) and h(G) are respectively the rank and Coxeter number for G.
The combination 2a− c can be found summing the scaling dimensions of the
various Coulomb branch operators (see equation (4.28) below). These are
equal to
j + 1− h(G)i
p
, (4.23)
where i = 1, . . . , p − 1 and j runs over the set of exponents of G (degree of
the Casimirs minus one), subject to the further constraint j > h(G)ip . In this
section we will argue that some of the models with s = 1 precisely correspond
to the singular points we want to study.
SU(N) SQCD with Nf odd
Let us start from the SU(N) case. Let us write the SW curve as (Nf =
2n+ 1)
y2 = P 2N (x)− 4Λ2N−2n−1(x+m)2n+1, λ = xdlog
(
P − y
P + y
)
.
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The maximally singular point is given choosing PN = (x + m)n+1Q(x). In
the neighbourhood of the singular point the SW curve and differential can
be approximated as
y2 = x2n+1 + (uN−nxn + · · ·+ uN )2, λ = y
xn+1/2
dx. (4.24)
This result can be found also sending Λ to infinity and scaling accordingly
the other parameters. As long as Nf < 2N − 1, we can find a point of this
kind for generic m. As noticed in [84],going then to the semiclassical regime
(m Λ) we find that 〈φ〉 breaks the gauge group to SU(n+ 1) at the scale
m. Since we have 2n + 1 flavors this theory is still asymptotically free so,
this procedure does not tell what is the low-energy theory.
When Nf = 2N − 1 the formula is slightly different (and we must tune
m appropriately):
y2 = x2N−1 + (u2xN−2 + . . . uN )2; λ =
y
xN−1/2
dx.
The more compelling reason for splitting the curve in two sectors as we
did so far is the constraint on the dimensions of the casimirs of the flavor
group. This problem does not arise in this case since x has dimension 1. We
will thus assume that the standard procedure for determining the scaling
dimensions of operators is the right option. We will see that this assumption
passes some nontrivial checks. For Nf = 3 we find a familiar theory: it is
the D4 Argyres-Douglas theory (one can check this comparing the scaling
dimensions of the operators), consistently with the enhancement of the flavor
symmetry to SU(3) for the D4 theory. For Nf = 5 we find one of the rank
two theories studied in [245]. The other cases have not been studied so far.
In order to make contact with [47], let us start from the SU(n + 1) ×
SU(2n + 1) theory (remember that Nf = 2n + 1) with a multiplet in the
bifundamental as the only matter field. The SW curve for this model can be
written as
Λbt2 + ctPn+1(x) + P2n+1(x) +
Λb
t
; λSW =
x
t
dt,
where Λ is the dynamical scale for the SU(2n+ 1) group and the dynamical
scale for the SU(n + 1) group (ΛSU(n+1)) is proportional to c−2. To see
this drop the term proportional to t−1 (this is equivalent to turning off
the SU(2n + 1) gauge coupling). We are then left with SU(n + 1) SQCD
with 2n + 1 flavors. If we define t′ = ct the term quadratic in t becomes
proportional to t′2/c2. The coefficient of this term is in turn identifyable
with the dynamical scale. Sending c to zero thus corresponds to taking the
limit ΛSU(n+1) → ∞. We then find precisely the singular point of interest
for us.
Sending instead c to zero first we recognize the SW curve for the theory
defined by equation (4.20) in the case s = 1 (we have set t = ez). Sending
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then Λ to zero as explained in [47] (i.e. dropping the term proportional to
t−1 as before) we find the D(SU(2n+ 1), 1) theory. The order of the limits
is irrelevant and both procedures lead to the same geometry so, we identify
our singular point with the D(SU(2n+ 1), 1) theory. In the case n = 1 the
equivalence with the D4 Argyres-Douglas theory is proved explicitly in [47].
As a check of our claim we can compute the SU(2n+1) flavor central charge
(which gives in turn the contribution to the SU(2n+ 1) beta function of our
SCFT) and the central charges (a, c). These can be determined using the
technique presented in [130], once the scaling dimensions of operators are
known. Reading them from the curve as we described before we find that
the contribution to the SU(2n+ 1) beta function is n+ 1/2 and the central
charges are
a =
7n2 + 7n
24
; c =
n2 + n
3
.
These values are precisely in agreement with those extracted from the BPS
quiver (4.21)-(4.23) for the D(SU(2n+ 1), 1) theory.
The USp(2N) theory with odd number of flavors
In this section we will concentrate on the massless theory. Also in this case
the condition on the casimirs of the flavor group is satisfied if we adopt the
standard technique to read the dimensions of operators so, we will assume
as before that it is correct.
In the case G = SO(2N) equation (4.20) describes a 4d theory whose
SW curve and differential are
Λbts+1 +
PN (x
2)
x2
+
Λb
t
= 0; λSW =
x
t
dt, (4.25)
where PN (x2) = x2N + u2x2N−2 + · · · + u2N (see the discussion in [182],
section 6.3.1)5. For s = 0 this corresponds to SYM theory with gauge group
SO(2N), as we remarked above.
In order to see the connection between these models and the singular
points of interest for us let us start from the following model: USp(2k) ×
SO(2N) gauge theory (2k = N − 1 if N is odd, 2k = N otherwise) with a
half-hypermultiplet in the bifundamental and a (massless) hypermultiplet in
the fundamental of USp. The SW curve and differential for this model are
[122]
t2x2 + ctx2Qk(x
2) + PN (x
2) +
Λbx2
t
= 0; λSW =
x
t
dt, (4.26)
where Qk is a generic monic polynomial of degree k. As in the previous
section Λ can be identified with the SO(2N) dynamical scale, whereas the
5one can identify X in that paper with our x2 and λ corresponds (modulo a coefficient)
to uN .
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USp(2k) scale is proportional to c−2. If we send Λ to zero, thus decoupling
the SO(2N) gauge multiplet, we are left with USp(2k) SQCD with N + 1
hypermultiplets in the fundamental. We have been slightly imprecise in the
last statement: with the relation given above between k and N, when N is
even the USp SQCD is asymptotically free and c−2 is proportional to the
dynamical scale. When N is odd the USp theory is scale invariant and c
is related to the coupling constant (the flavor symmetry is SO(2N + 2) in
both cases). If we send c to zero, in the first case this corresponds to sending
the dynamical scale to infinity (thus scaling towards the singular point); in
the second it is equivalent to taking the weak-coupling limit for the scale
invariant theory.
Now we reverse the order of the limits as before. When we set c to zero
we recover equation (4.25) in the case s = 1. Turning then off the SO(2N)
gauge coupling (Λ → 0) we are left with the D(SO(2N), 1) models of [47].
For N odd the theory is lagrangian, as we noted above, and for N even it
describes the maximally singular point of USp(N) SQCD with Nf = N + 1.
We can thus simply read the quiver from [47]. Using the technique of [130]
we can easily compute the central charges: When N is odd we get the scale
invariant theory USp(N − 1) with Nf = N + 1, so
a =
7N2 − 5N − 2
48
; c =
2N2 −N − 1
12
.
For N even we find instead our singular point and the central charges are
a =
7N2 − 5N − 10
48
; c =
2N2 −N − 2
12
,
again in agreement with the formulas given above. The BPS quivers asso-
ciated to D(SU(N), 1) and D(SO(2N), 1) theories are depicted in Figure
4.3.
Notice that the above argument allows to extract informations about the
maximally singular point of SO(2n+ 1) SQCD with even number of flavors
as well: it is enough to notice as in the previous section that the SW curves
and differentials for SO(2N+1) SQCD with Nf flavors and USp(2N) SQCD
with Nf + 3 flavors coincide in the massless case. Notice that in this case
the flavor symmetry is “reduced” to USp(2Nf ).
The E6 Minahan-Nemeschansky theory
Notice that D(SO(8), 1) coincides with the E6 MN theory: it is a rank one
theory with a Coulomb branch coordinate of dimension three, the flavor
group has rank six and the central charges precisely match those of the E6
theory. The BPS quiver coincides as well, as can be easily seen from Figure
4.3. As a byproduct our observation gives a realization of this theory as an
IR fixed point of a lagrangian theory.
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Figure 4.3: The BPS quivers associated to D(SU(N + 1), 1) theories (on the
left) and to D(SO(2N), 1) (on the right). Both have 2N nodes and describe
respectively SU(N+12 ) and USp(N − 1) SQCD with N + 1 flavors when N
is odd. For N even they describe instead the infrared fixed points we have
discussed above.
In order to see that the SW curves match, we can proceed as follows:
in the Gaiotto setting the E6 theory is realized by compactifying the A2
six-dimensional theory on a sphere with three maximal punctures (located
at let’s say z = 0, λ,∞). The SW curve is then
x3 = − uz
(z − λ)2 ; λSW =
x
z
dz.
If we now take the limit λ → ∞, we end up with a two-punctured sphere.
The puncture at z = 0 is unchanged whereas the puncture at infinity is now
irregular, with a pole of order four for the cubic differential. The curve now
becomes
x3 + uz = 0; λSW =
x
z
dz.
If we now multiply everything by x3 and set t = zx3 the curve and differential
become
x6 + ut = 0; λSW =
x
t
dt.
The scaling dimensions of x and u and t are now respectively one, three and
three. Since both terms appearing in the curve have dimension six we can
add a term quadratic in t. The complete curve is then
x6 + ut+ t2 = 0.
Setting u to zero we recognize the curve (4.25), describing the D(SO(8), 2)
theory at the conformal point.
4.6 IR fixed points of quiver gauge theories
In this section we will see that D(G, s) models with s > 1 correspond
to infrared fixed points of linear quiver gauge theories (in the cases G =
SU(N), SO(2N)).
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4.6.1 D(SU(N), s) theories
In order to generalize the above argument to the case s > 1 it is conve-
nient to slightly change perspective as follows: consider the SW curve for
D(SU(N), 1) theories t2 +PN (x) = 0. The coefficients of the polynomial PN
are the mass parameters associated to the SU(N) flavor symmetry of the
theory and have canonical dimension, as remarked above. This implies in
particular that x has scaling dimension one and then, since all the terms ap-
pearing in the curve describing a SCFT should have the same scaling dimen-
sion, we deduce that t2 should have dimension N . We can actually deform
the above curve adding terms of the form uktxk. The scaling dimension of the
parameters uk can then be fixed imposing the condition [uk]+[t]+k[x] = N ,
leading to the relation [uk] = N/2 − k. If N is even the “complete” curve
becomes
t2 + t(xN/2 + · · ·+ u0) + PN (x) = 0,
which is precisely the SW curve for the scale invariant SU(N/2) theory with
N flavors. For N odd we get instead
t2 + t(u(N−1)/2x(N−1)/2 + · · ·+ u0) + PN (x) = 0.
Assuming that all the coefficients uk have positive scaling dimension, terms
involving higher powers of x necessarily have scaling dimension greater than
N and can thus be discarded. This curve precisely coincides with (4.24)
(modulo a trivial reparametrization) and correctly describes the infrared
fixed point of SU(k) SQCD (k ≥ N+12 ) with N flavors studied in the previous
section, which coincides in turn with D(SU(N), 1).
The above argument can be easily generalized to to the s > 1 case: the
SW curve coming from (4.20) is tp + PN (x) = 0 (p = s + 1) and we can
turn on all possible deformations of the form uijtp−jxi. The only restriction
comes from the requirement [uij ] ≥ 0. In this way we will relateD(SU(N), s)
theories to IR fixed points of linear quivers of unitary gauge groups. The
scaling dimension of uij can be easily evaluated: tp has dimension N, so
[t] = Np . Imposing then the condition [uij ] + (p − j)[t] + i[x] = N we
immediately find
[uij ] =
N
p
j − i. (4.27)
We can now readily compute the quantity 8a− 4c, which gives the effective
number of vectormultiplets for the SCFT and can be evaluated using the
formula
4(2a− c) =
∑
ij
(2[uij ]− 1), (4.28)
where the sum involves all operators whose scaling dimension is larger than
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one. Using (4.27) this can be rewritten as
p−1∑
j=1
∑
i
(
2
N
p
j − 2i− 1
)
.
We have discarded the contribution from ui0’s because they are mass pa-
rameters associated to the SU(N) symmetry, rather than Coulomb branch
operators. Let us first evaluate the second summation at fixed j from i = 0
to i = bNp jc − 1 (we denote with b c the integer part):
bN
p
jc−1∑
i=0
(
2
N
p
j − 2i− 1
)
=
⌊
N
p
j
⌋(
2
N
p
j −
⌊
N
p
j
⌋)
.
Performing now the sum over j does not always lead to the right result for
the following reason: when Np j is integer the above summation includes the
contribution from a parameter uij whose scaling dimension is one. This will
happen whenever N and p are not coprime. These should always be regarded
as mass parameters, implying the enhancement of the flavor symmetry from
the naive SU(N) and their contribution should be discarded in the summa-
tion. This can be done simply subtracting gcd{N, p} − 1 from the above
formula. The final result is then
8a− 4c =
p−1∑
j=1
⌊
N
p
j
⌋(
2
N
p
j −
⌊
N
p
j
⌋)
− gcd{N, p}+ 1. (4.29)
This formula clearly reproduces the expected result for D(SU(N), s) theo-
ries, since the scaling dimension of Coulomb branch operators are exactly
the same (compare (4.23) with (4.27)). We also recover the result found
in [47] that the rank of the flavor symmetry for D(SU(N), s) theories is
N + gcd{N, p}.
We can now perform a consistency check on the formula for the c cen-
tral charge derived from the BPS quiver: we have seen that the SW curve
associated to the D(SU(N), p− 1) theory (at the conformal point) and SW
differential are
tp + xN = 0; λ =
x
t
dt.
With the trivial substitution y = x/t the SW differential becomes ydt and
we recognize (at least for p > N) the SW curve for the (Ik,N , F ) theories
recently studied by Xie and Zhao in [162]. The parameters (k,N) in that
paper correspond to (N, p − N) in the present notation. We thus propose
to identify D(SU(k), N + k − 1) with (Ik,N , F ). This observation gives in
particular a realization of our models in terms of the 6d N = (2, 0) theory of
type Ak−1 compactified on a sphere with two punctures; one irregular of type
I (in the language of [162]) and one maximal. It is then natural to propose
130
4.6 IR fixed points of quiver gauge theories
that D(SO(2N), s) and D(EN , s) theories can be constructed compactifying
on a two punctured sphere the 6d theories of type DN and EN respectively.
The authors of [162] have been able to compute the a and c central charges
for (Ik,N , F ) theories when N is a multiple of k exploiting the fact that in
this case the mirror dual of the N = 4 3d theory obtained compactifying
(Ik,N , F ) on S1 is lagrangian. By identifying explicitly this theory they can
determine the dimension of its Coulomb branch, which in turn coincides with
the dimension of the Higgs branch of the parent 4d theory. This allows to
extract the value of c− a and combining this with (4.28) one can determine
both a and c. They also conjecture a formula for N generic using the results
of [130]: in this paper the authors derive a formula (valid for any N = 2
SCFT) for a and c which depends on the R-charge of the discriminant ∆
of the SW curve (more precisely they consider the R-charge of B = ∆1/8).
Using the result for a and c derived from the 3d mirror they extract a formula
for R(B) and then propose that it is valid for general k and N . We will now
see that our formula for c agrees perfectly with the result obtained using
mirror symmetry. At the same time this will support our result and confirm
the conjecture of [162].
Notice first of all that since the SW curve and differential forD(SU(k), N+
k − 1) and (Ik,N , F ) are the same, the scaling dimension of the various op-
erators cannot differ. We thus learn that the rank of the theory (i.e. the
dimension of the Coulomb branch) and the value of 2a− c (see (4.28)) nec-
essarily coincide as well. It is now convenient to use the formula given in
[130] for c:
c =
1
3
R(B) +
r
6
,
where r is the rank of the theory. This clearly implies that a and c coincide for
D(SU(k), N+k−1) and (Ik,N , F ), since in principle R(B) can be computed
from the curve. However, it is hard in general to determine it explicitly as
we did in the case p = 2. In [162] a formula has been proposed using mirror
duals. We can easily recover this result using the formulas for c and for the
Coulomb branch dimension deduced from the BPS quiver. Plugging them
in the above expression for c we find the answer for generic p,N and any
G = ADE
R(B) =
1
4
(p− 1)r(G)h(G). (4.30)
Specializing to the case G = SU(k) (and setting p = N + k as before) we
find
R(B) =
1
4
k(k − 1)(N + k − 1),
in perfect agreement with equation (2.44) of [162].
In the above mentioned paper the authors also analyze theories on the
sphere with only one irregular puncture. In particular they study the so
called (AN , Ak) theories introduced in [181] and propose a formula for R(B)
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also in this case. Their argument relies on 3d mirrors as before. Using the
formula for the c central charge coming from the BPS quiver we are able to
confirm their conjecture in this case as well: using as before the relation
c =
1
3
R(B) +
r
6
,
we find
R(B) =
1
4
r(G)r(G′)h(G)h(G′)
h(G) + h(G′)
for (G,G′) theories (see [181, 41]). If we now set G = AN−1 and G′ = Ak−1
we obtain
R(B) =
N(N − 1)k(k − 1)
4(N + k)
. (4.31)
This correctly reproduces equation (2.28) of [162].
I would now like to make some comments about the linear quiver theo-
ries associated to D(SU(N), s) SCFTs. As already remarked, there is not a
unique choice for the rank of the gauge groups and obviously, once a can-
didate linear quiver has been found, we are free to enlarge the rank of the
gauge groups since the Coulomb branch of the first theory can be regarded
as a submanifold of the Coulomb branch of the second. One natural question
is then: What is the minimal 6 choice? In order to answer this question we
must distinguish two cases: p greater and smaller than N.
For p < N the linear quiver has p− 1 gauge groups. The first n groups,
where n = N(mod p), are
SU
(⌊
N + p
p
⌋
k
)
, k ≤ n.
The remaining p− n− 1 gauge groups are
SU
(⌊
N + p
p
⌋
n+
⌊
N
p
⌋
j
)
, j ≤ p− n− 1.
In order to show this let us draw a diagram on the plane as in Figure 4.4 on
the left, in which the term xitj is represented by a dot located at the point
with coordinates (i, j). This is very similar to the Newton polygon used
in [162], which is not surprising since we have identified our theories (for
G = AN ) with the models discussed in that paper. It is easy to see that all
the terms associated with points lying on the straight line passing through
(N, 0) and (0, p) have dimension N (i[x] + j[t] = N), and that the straight
lines parallel to it identify lines of constant dimension in the above sense.
It is then clear that the dots located at points with integer coordinates in
the interior of the triangle depicted in Figure 4.4 correspond to all the terms
entering in the SW curve associated to Dp(SU(N)) theory.
6We mean that the sum of the ranks of the gauge groups attains the minimum value.
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Figure 4.4: On the left we have the dot diagram associated to Dp(SU(N))
theory (with p = 4 and N = 7). The black dots indicate all terms appearing
in the SW curve. On the right we have the dot diagram associated to the
minimal linear quiver having Dp(SU(N)) as an infrared fixed point. We can
easily see that the linear quiver is SU(2) − SU(4) − SU(6) − 7 . Only the
SU(6) group is asimptotically free.
The SW curve of any linear quiver of SU(N) gauge groups has the form
tk +
∑
i,j
uijt
k−jxM−i + xM = 0,
and indeed can be represented on our diagram. The x-coordinate of the
rightmost dot of each row just counts the number of colors of the corre-
sponding gauge group. If we connect all rightmost dots as in Figure 4.4
(on the right) we obtain a polygon, and the requirement that all the gauge
groups in the theory are asymptotically free or conformal is simply equivalent
to its convexity (just because the number of flavors can be at most twice the
number of colors). A given linear quiver will have Dp(SU(N)) as an infrared
fixed point only if its associated polygon contains the triangle identified by
the straight line passing through (N, 0) and (0, p) (for our purposes we can
assume that k = p and M = N) as in the figure.
The minimal quiver can now be found simply identifying the polygon
which satisfies the above requirements and has minimal area. In order to see
this just consider the grey region in Figure 4.4 on the right. Its area is clearly
equal to the rank of the theory plus p− 1 and the area of the whole polygon
can be obtained adding the contribution of the various triangles, which is
equal to N/2. It is easy to see that the minimal polygon has exactly four
edges (except when p divides N) as in the figure and their slope lead to the
formula given above. Notice that all the groups in the linear quiver but one
are conformal. The only asymptotically free group is the one associated to
the dot at which the two edges meet (see the figure).
If N is a multiple of p the theory is lagrangian and we already know the
answer. Notice anyway that our formula works in this case as well, predicting
that the quiver contains the gauge groups SU(Nk/p), with k ≤ p − 1. We
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thus recover the expected result for lagrangian theories. In the limiting
case N = p, the above rules give a quiver which formally starts with a
SU(1) group. The corresponding term in the SW curve is tN−1(x + u01)
and u01 has scaling dimension one so, as we have explained above, it should
be interpreted as a mass parameter. This term in the curve should then be
regarded as describing a hypermultiplet in the fundamental of the subsequent
gauge group, namely SU(2). We thus get the linear quiver
1 − SU(2)− SU(3)− · · · − SU(N − 1)− N ,
as expected.
For p > N we can just apply a similar argument. In this case it is
important to realize that what really matters is that the polygon associated
to the linear quiver contains all the dots associated to Dp(SU(N)). It is
not really necessary that it contains the whole triangle. In the p < N case
these conditions are just equivalent. Since the edges of the polygon are either
vertical or have slope smaller than one, the minimal polygon is built adding
a vertical line and one with slope one.
The minimal linear quiver thus contains a tail which is identical to
D(SU(N), N − 1) (apart from the doublet of SU(2)). The remaining part
of the quiver is a sequence of SU(N) gauge groups with a hypermultiplet in
the bifundamental between neighbouring groups:
SU(2)− SU(3)− · · · − SU(N − 1)− SU(N)− · · · − SU(N)− N .
The doublet of SU(2) at the beginning is present only if the SW curve admits
the term tp−k(x + u0k), which occurs if and only if p is a multiple of N. In
any case the number of gauge groups is p− 1− bp/Nc. A simple check is in
order: for N = 2 we find a linear quiver of SU(2) groups. For p = 2n − 1
there are n − 1 gauge groups and two doublets at one end. For p = 2n the
number of gauge groups is the same but we also have an extra doublet at the
other end of the quiver. Since Dp(SU(2)) coincides with the Dp AD theory,
we precisely recover the result found in [161].
4.6.2 D(SO(2N), s) theories
Similar considerations allow to identify D(SO(2N), s) theories with IR fixed
points of linear quivers with alternating SO and USp gauge groups and half-
hypermultiplets in the bifundamental between neighbouring groups. Since
the argument is anologous to the one given for SU(N), we will be more
sketchy. For G = DN the curve can be written as
tp +
PN (x
2)
x2
= 0,
where PN (x2) = x2N + · · · + u2N . We can then add terms of the form
uabx
2atp−b. The mass parameters associated to the SO(2N) flavor symmetry
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will have canonical dimension only if [x] = 1. This implies
[t] =
2N − 2
p
; [uab] =
2N − 2
p
b− 2a.
This matches precisely the dimension of Coulomb branch operators of the
D(SO(2N), p − 1) theories (see (4.23)). Equation (4.28) then implies that
the above curve reproduces the correct effective number of vectormultiplets
2a− c.
The theory can be lagrangian only if all uab’s have even dimension. This
constraint will be satisfied whenever (2N − 2)/p is even, reproducing the
expected result. We can determine precisely what the theory is simply col-
lecting all terms with [uab] = 0. All parameters satisfying this relation are
simply combinations of the marginal couplings, rather than operators. We
then find the curve
tp +
p−1∑
k=1
akx
kmt(p−k) + x2N−2 = 0, (4.32)
where pm = 2N − 2. In order to make contact with [122], it is convenient to
multiply everything by x2:
x2tp +
p−1∑
k=1
akx
km+2tp−k + x2N = 0.
This is precisely the curve for a linear quiver of alternating SO/USp gauge
groups with half-hypermultiplets in the bifundamental. A term x2n corre-
sponds either to USp(2n − 2) or to SO(2n). If the quiver terminates with
a USp gauge group (p even), the term x2tp indicates the presence of one
hypermultiplet in the fundamental of the last USp group. If it terminates
instead with a SO gauge group (p odd), we only have the bifundamentals.
We thus find the lagrangian theories (the number inside the boxes indicate
the hypermultiplets in the fundamental)
p even : N − USp(2N − 2−m)− SO(2N − 2m)− · · · − USp(m)− 1 ,
p odd : N − USp(2N − 2−m)− SO(2N − 2m)− · · · − SO(m+ 2).
Since one needs respectively 2n + 2 or 2n − 2 hypermultiplets in the 2n to
make a USp(2n) or SO(2n) gauge group conformal, it can be easily checked
that each node in the above quivers is conformal. These are precisely the
lagrangian theories we were looking for. Indeed, the number of nodes in the
BPS quiver describing these models and their contribution to the SO(2N)
beta functions match precisely the results found in [47].
In order to identify the minimal quivers containing D(SO(2N), s) as an
infrared fixed point, it is convenient to go back to formula (4.32). With this
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normalization the term x2n corresponds either to USp(2n) or to SO(2n+2).
We can construct the dot diagram as before, inserting for example a dot
at the point (i, j) if the curve includes the term uijtjx2i. The vertices of
the triangle will then be located at (0, p), (N − 1, 0) (and obviously (0, 0)).
It is easy to see that the condition for UV completeness (as opposed to IR
freedom) at all the nodes is again that the associated polygon should be
convex. All the arguments given for SU(N) apply also in this case, so we
give directly the result.
For p < N the dots lying on the perimeter of the polygon are associated
to terms of the form tp−ixk where k is
2i
(⌊
N − 1
p
⌋
+ 1
)
,
for i ≤ (N − 1)modp and
2i
⌊
N − 1
p
⌋
+ 2
{
N − 1
p
}
p
otherwise (the braces indicate the fractional part). Eploiting now the fact
that the quiver contains alternating SO-USp gauge groups, one can easily
reconstruct it explicitly from these data.
For p > N − 1 the polygon as a vertical edge and one of slope one as in
the SU(N) case. The quiver starts with a tail of the form
N − USp(2N − 2)− SO(2N)− USp(2N − 2)− . . .
and ends in one of the following two ways
· · · − USp(10)− SO(10)− USp(6)− SO(6)− SU(2)− 1 ,
· · · − USp(12)− SO(12)− USp(8)− SO(8)− USp(4)− SO(4).
In this case the number of gauge groups in the quiver is p − b pN−1c. If
this number is odd the first option is the correct one, otherwise the quiver
terminates as in the second sequence. One can easily check that all the
groups in the tails are conformal, except the group associated to the dot at
which the two edges meet as for SU(N).
4.7 Concluding remarks
We have made a systematic analysis of singular points in N = 2 SQCD
with classical gauge groups, focusing on the maximally singular points in
the moduli space. We have seen that in many cases, in order to satisfy the
constraint on the scaling dimensions of mass parameters, we are forced to
introduce different scale invariant sectors. The introduction of two sectors,
136
4.7 Concluding remarks
which is the simplest possibility, leads to a unique answer which is consistent
with all the strong coupling dualities found recently and allows to satisfy the
constraints imposed by superconformal invariance.
We found a common structure for the low-energy description at these
points, which is schematically given by:
• An abelian sector.
• The B sector, which is always given either by aDN theory (withN > 2)
or by a doublet of hypermultiplets. In both cases the flavor symmetry
is SU(2).
• The A sector, with (at least) SU(2)×G flavor symmetry, where G is
the flavor symmetry of the parent gauge theory. This is the only sector
that changes as we vary the gauge group and in most cases admits a
six-dimensional description.
• An infrared free SU(2) gauge multiplet coupled to sectors A and B.
At the maximally singular point the abelian sector just describes a number of
decoupled vector multiplets, as pointed out in [46], whereas at points which
are not lifted by the N = 1 perturbation it includes massless hypermultiplets
charged under each U(1) factor. Chebyshev points in USp and SO gauge
theories fall in this second class and are characterized by a free B sector,
which describes two massless hypermultiplets. This is not the case for SU(N)
gauge theories. A particularly simple case is given by USp theory with 4
flavors: in this case the A sector becomes free and it turns out that the
Chebyshev point admits a lagrangian description. We will analyze this model
in depth in the next chapter.
One possible extension of this analysis is to consider more general theories
and see whether different structures emerge in the infrared at the maximally
singular points. The superconformal theories D(G, s) and those studied in
[161] certainly play an important role. In particular, it would be interesting
to understand whether the constraints we imposed always lead to a unique
answer.
This two-sector structure emerges, as we have seen, only for a specific
parity of Nf . In the other cases we get instead ordinary IR fixed points
analogous to AD theories. We have seen that we can extract information
on the light BPS spectrum in a neighbourhood of these points exploiting
the analysis of [47]. From the knowledge of the BPS quiver we can learn a
lot about a strongly coupled theories (a and c central charges, flavor central
charge...) and it would be very interesting to understand how to generalize
the analysis of [47].
Roughly speaking, at the level of the SW curve the construction proposed
in [47] amounts to the following (in the AN and DN cases): take the curve
for the Dp AD theory x2 = zp (and of course λ = x/zdz), and replace
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x2 with WG(x). At the level of the quiver it amounts to considering the
triangle tensor product with the G Dynkin diagram but can also be seen as
a procedure for constructing higher rank theories starting from simpler rank
one models (in the language of [44]). This is similar in spirit to [180].
138
Chapter 5
Singular SQCD Vacua and
Confinement
5.1 Introduction
As we have seen, considerable progress is being made in our understand-
ing of the dynamics of supersymmetric non-Abelian gauge theories in four
dimensions. A recent remarkable development concerns the better under-
standing of N = 2 superconformal theories (SCFT) discussed in chapte 2.
Also many new results on the exact BPS spectra in the strongly coupled
gauge systems are now available (see e.g. [183, 179]). Another venue in
which considerable development has occurred is the investigations of soliton
vortex and monopoles of non-Abelian type [105]-[115]. Together, it is quite
plausible that these developments help clarifying many issues left still to be
elucidated, even after the discovery of Seiberg-Witten solutions of N = 2
gauge theories and the developments which followed.
The physics of the local r vacua represents a beautiful example of con-
fining vacuum which is dual Higgs system of non-Abelian variety. But even
more interesting is the situation in which the singular SCFT’s studied in the
previous chapter are deformed by an N = 1 adjoint scalar mass term µTrΦ2.
The purpose of this chapter is to put together the results found so far
in order to study the possible types of strongly-coupled gauge systems in
confinement phase in the softly broken N = 2 SQCD. We will restrict for
simplicity to the cases in which the the low-energy theory involves two sec-
tors. In section 2 we discuss the low energy physics at fixed points in USp
N = 2 SQCD. These SCFTs become confining when we turn on the N = 1
perturbation and we discuss the mechanism of confinement occurring in these
special cases. Sections 3 and 4 deal with singular points of SU(N) SQCD,
especially those studied in chapter 3. We will see how the two-sector low-
energy description allows to recover all the results found in chapter 3. Secton
4 is devoted to the analysis of the Tchebyshev point in SO(N) SQCD.
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5.2 Singular points in USp(2N) theory with four fla-
vors
Let us start from the confining vacua of USp SQCD. As we have seen, in
[84] it was pointd out that in the massive, equal mass (mi = m 6= 0) theory,
the SCFT vacua occurring in the USp(2N) theory are the same r vacua of
SU(N) theory, r = 0, 1, 2, . . . , Nf/2, exemplifying the universality of SCFTs.
In the mi → 0 limit, however, the r vacua collapse into a singular SCFT
(“Tchebyshev” point) [23] with a larger global symmetry SO(2Nf ).
5.2.1 Low-energy effective description
The analysis given in chapter 4, done following the work Gaiotto, Seiberg
and Tachikawa, has shown that the relevant SCFT can be analyzed by in-
troducing two different scalings for the scalar VEVs ui ≡ 〈Φi〉 (the Coulomb
branch coordinates) around the singular point. Our prediction is that the
low energy physics at this singular point can be described as
(i) U(1)N−n abelian sector, with massless particles charged under each U(1)
subgroup.
(ii) The (in general, non-Lagrangian) A sector with global symmetry SU(2)×
SO(4n).
(iii) The B sector is free and describes a doubet of hypermultiplets. The
flavor symmetry of this system is SU(2).
(iv) SU(2) gauge fields coupled weakly to the last two sectors.
For general Nf these involve non-Lagrangian SCFT theories, and it is
not easy to analyze the effects of µTrΦ2 deformation. In the particular
case n = 2 (USp(2N) theory with Nf = 4), however, the A sector becomes
free and describes four doublets of SU(2). Let us consider the effect of µΦ2
deformation of this particular theory focusing on the non-abelian sector. The
analysis of the U(1)N−n sector was already given in [22, 23] and is by now
standard.
5.2.2 Flavor symmetry breaking
The superpotential for a hypermultiplet Q0 and four hypermultiplets Qi’s,
coupled to SU(2)× U(1) gauge fields (only Q0 carrying the U(1) charge) is
√
2Q0ADQ˜
0 +
√
2Q0φQ˜
0 +
√
2
4∑
i=1
QiφQ˜
i + µADΛ + µTrφ2 . (5.1)
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Setting φ = φατα, where τα are Pauli matrices and α = 1, 2, 3, the vacuum
equations are
√
2Q0Q˜0 + µΛ = 0 ; (5.2)
(φ+AD)Q˜0 = Q0 (φ+AD) = 0 ; (5.3)
4∑
i=1
√
2Qai (τα)
b
aQ˜
i
b +
√
2Qa0(τα)
b
aQ˜
0
b + µφα = 0 ; (5.4)
φ Q˜i = Qi φ = 0, ∀i . (5.5)
The first says that Q0 6= 0 and acting with a gauge transformation we can
impose the following condition
Q10 = Q˜0 1 = 2
−1/4√−µΛ 6= 0; Q20 = Q˜0 2 = 0. (5.6)
The second equation then implies that φ is diagonal in this gauge.
In principle equation (5.3) is satisfied if we impose
AD 6= 0, φ =
(
a 0
0 −a
)
, a = −AD. (5.7)
But then (5.5) would tell
Qi = Q˜
i = 0. (5.8)
Plugging now this into equation (5.4) then tells us that the Q0 condensate
should be compensated by the φ field alone, implying that 〈φ〉 ∼ Λ. However,
this solution involves fluctuations of order Λ which are beyond the validity
of our effective theory and should be discarded as they are an artifact of our
approximation (see [23]).
We thus conclude that the vev of Qi’s cannot vanish for all values of i,
which in turn imlies (see (5.5))
φ = 0, AD = 0 (5.9)
and
4∑
i=1
Qai (τ3)
b
aQ˜
i
b = −Qa0(τ3)baQ˜0b =
µ
2
√
2
Λ. (5.10)
By flavor rotation this can be brought to
Qa1Q˜
1
b =
µ√
2
Λ δa1δb1, Qi = Q˜i = 0, i = 2, 3, 4 (5.11)
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or
Qa1Q˜
1
b = −
µ√
2
Λ δa2δb2, Qi = Q˜i = 0, i = 2, 3, 4. (5.12)
This means that the flavor symmetry is spontaneously broken as
SO(8)→ U(1)× SO(6) = U(1)× SU(4). (5.13)
This is precisely what is expected from the result known at large µ Λ [23],
showing the consistency of the whole picture.
The gauge group is completely broken and the corresponding vectormul-
tiplets become massive. The only massless fields left after the breaking are
the three doublets Qi, Q˜i (i=2,3,4) for a total of twelve chiral multiplets (re-
member that we have only N = 1 supersymmetry now). This matches nicely
the expected number of Goldstone multiplets coming from the breaking of
the flavor symmetry (dimSO(8)− dimU(4) = 12). These fields are then the
supersymmetric counterpart of pions.
Neither abelian nor non-abelian superconductor
We find here the first example of a situation we will encounter again in this
chapter: the degrees of freedom in the effective lagrangian (5.1) are magnet-
ically charged, so their condensation leads to confinement as should be by
now familiar. However, this system is different from the one we considered in
chapter 1 while discussing confinement in SU(2) SYM: here the low energy
lagrangian involves a non-abelian gauge theory and the Q doublets should
be thought of as non-abelian monopoles. In this respect the system seems
more similar to r vacua. However, in that case U(r) “magnetic multiplets”
condense leading both to confinement and to chiral symmetry breaking. The
resulting confining string is then of non-abelian kind as reviewed in chapter
1.
Here we find a different behaviour: there is a solitonic vortex coming from
the breaking of the U(1)× SU(2) gauge group, but since only one doublet,
not all the five of them as would occur in a r vacuum, is charged under
U(1) it is not possible to exploit the SU(2) factor to construct a non-abelian
vortex as in [105]-[115]. For the same reason one can rule out the presence of
the fractional or semilocal vortices found in [246]-[250]. We are thus forced
to conclude that the confining string is a standard ANO abelian vortex as
in SU(2) SYM and only Q0 can be used to construct it! We can thus say
that the Q0 field is responsible for confinement and, being uncharged under
SO(8), is instead unrelated to (the analog of) chiral symmetry breaking
which is due to the condensation of Q1.
We thus find a sort of intermediate situation between the previously
known abelian and non-abelian confining systems, in which confinement and
chiral symmetry breaking are clearly related to each other but are induced
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by the condensation of different fields. The feature that usually characterizes
abelian confinement in higher rank gauge theories, namely the presence of
multiple distinct confining strings, is clearly avoided in this system.
5.2.3 Adding flavor masses: the counting of vacua
The strategy adopted in [23] to analyze this singularity was to “resolve” it,
by introducing generic, nearly equal quark masses mi alongside the adjoint
scalar mass µ. By requiring the factorization property of the Seiberg-Witten
curve to be of maximally Abelian type (the criterion for N = 1 supersym-
metric vacua), this point was found to split into various r vacua which are
local SU(r) × U(1)N−r gauge theories, identical to those appearing in the
infrared limit of SU(N) SQCD (the universality of the infrared fixed points).(
Nf
0
)
+
(
Nf
2
)
+ . . .
(
Nf
Nf
)
= 2Nf−1 (5.14)
whereas the other vacuum splits into odd r vacua, with the total multiplicity(
Nf
1
)
+
(
Nf
3
)
+ . . .
(
Nf
Nf − 1
)
= 2Nf−1 . (5.15)
Due to the exact Z2N+2−Nf symmetry of the massless theory, the singular
(EHIY) point actually appears 2N + 2 − Nf times, and the number of the
vacua for generic µ,mi is given 1 by (2N + 2−Nf ) 2Nf−1.
In order to match these predictions, let us turn on the mass parameters
for the flavors as well
√
2Q0ADQ˜
0 +
√
2Q0φQ˜
0 +
4∑
i=1
√
2QiφQ˜
i +
4∑
i=1
miQiQ˜
i
+ µADΛ + µTrφ2.
(5.16)
For equal and nonvanishing masses the system has SU(4)×U(1) flavor sym-
metry and in the massless limit the symmetry gets enhanced to SO(8), as
seen before.
The vacuum equations are:
√
2Q0Q˜0 + µΛ = 0 ; (5.17)
(
√
2φ+AD)Q˜0 = Q0 (
√
2φ+AD) = 0 ; (5.18)
√
2
[
1
2
4∑
i=1
Qai Q˜
i
b −
1
4
δabQiQ˜
i +
1
2
Qa0Q˜
0
b −
1
4
δabQ0Q˜
0
]
+ µφab = 0 ; (5.19)
1For even Nf we are considering, the (N+1−Nf/2)-th element of Z2N+2−Nf exchanges
the two Chebyshev vacua [23], so that the number of the vacua is (2N + 2 − Nf ) 2Nf−1
and not (2N + 2−Nf ) 2Nf .
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(
√
2φ+mi) Q˜
i = Qi (
√
2φ+mi) = 0, ∀i . (5.20)
The first tells that Q0 6= 0. By gauge choice
Q0 = Q˜0 =
(
2−1/4
√−µΛ
0
)
(5.21)
so that
1
2
Qa0Q˜
0
b −
1
4
(Q0Q˜
0) δab =
(−µΛ)
4
√
2
τ3 . (5.22)
The second equation can be satisfied by adjusting AD.
As in the mi = 0 case discussed previously, we must discard the solution
φ = a τ3, a =
Λ
4
, Qi = Q˜i = 0, ∀i (5.23)
as it involves a fluctuation (∼ Λ) far beyond the validity of the effective
action.
The true solutions can be found by having one of Qi’s canceling the
contributions of Q0 and φ in Eq (5.19). Which of Qi is nonvanishing is
related to the value of φ through Eq (5.20). For instance, four solutions can
be found by choosing (i = 1, 2, 3, 4)
a = −mi√
2
, Qi = Q˜i =
(
fi
0
)
; Qj = Q˜j = 0, j 6= i , (5.24)
such that
f2i =
µΛ− 4 a√
2
= µ(
Λ√
2
+ 2mi) . (5.25)
There are four more solutions of the form, (i = 1, 2, 3, 4)
a = +
mi√
2
, Qi = Q˜i =
(
0
gi
)
; Qj = Q˜j = 0, j 6= i , (5.26)
and
g2i =
−µΛ + 4 a√
2
= −µ( Λ√
2
− 2mi) . (5.27)
Note that the solutions (5.26) and (5.27) are unrelated by any SU(2) gauge
transformation. In all, we have found 23 = 8 solutions consistently with
Eq. (5.14).
In the equal mass limit the 8 solutions group into two set of four nearby
vacua, obviously connected by the SU(4). So these look like the 4 + 4 = 8,
two r = 1 vacua, from one of the Chebyshev vacua, see Eq. (5.15). The
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other Chebyshev vacuum should give 1 + 6 + 1 = 8 vacua, corresponding to
r = 0, 2 vacua. Where are they?
A possible solution is that in the other Chebyshev vacuum the superpo-
tential has a similar form as (5.16) but with Qi’s carrying different flavor
charges. The SU(4) symmetry of the equal mass theory may be represented
as SO(6):
√
2Q0ADQ˜
0 +
√
2Q0φQ˜
0 +
4∑
i=1
√
2QiφQ˜
i +
4∑
i=1
m˜iQiQ˜
i
+ µADΛ + µTrφ2,
(5.28)
where
m˜1 =
1
4
(m1 +m2 −m3 −m4) ;
m˜2 =
1
4
(m1 −m2 +m3 −m4) ;
m˜3 =
1
4
(m1 −m2 −m3 +m4) ;
m˜4 =
1
4
(m1 +m2 +m3 +m4) . (5.29)
The correct realization of the underlying symmetry in various cases is not
obvious, so let us check them all.
(i) In the equal mass limit, mi = m0,
m˜4 = m0, m˜2 = m˜3 = m˜4 = 0 , (5.30)
so the symmetry is
U(1)× SO(6) = U(1)× SU(4) . (5.31)
Clearly in the mi = 0 limit the symmetry is enhanced to SO(8).
(ii) m1 = m2, m3, m4 generic. In this case m˜2 = −m˜3 and m˜4 and m˜1 are
generic, so the symmetry is U(1)× U(1)× U(2), as in the underlying
theory;
(iii) m1 = m2 6= 0, m3 = m4 = 0. In this case, m˜4 = m˜1 6= 0 and
m˜2 = m˜3 = 0, so obviously the symmetry is U(2)×SO(4) both in the
UV and in (5.28).
(iv) m1 = m2 = m3 6= 0, m4 generic. In this case, m˜1 = m˜2 = −m˜3 6= 0,
m˜4 generic. Again the symmetry is U(3) × U(1) both at the UV and
IR.
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(v) m1 = m2 6= 0 and m3 = m4 6= 0 but m1 6= m3. In this case m˜2 = m˜3 =
0 and m˜4 and m˜1 generic. The flavor symmetry is
SO(4)× U(1)× U(1) = SU(2)× SU(2)× U(1)× U(1) ; (5.32)
this is equal to the symmetry
(SU(2)× U(1))× (SU(2)× U(1)) (5.33)
of the underlying theory.
(vi) m1 6= 0, m2 = m3 = m4 = 0. In this case m˜1 = m˜2 = m˜3 = m˜4 6= 0.
The symmetry is U(1)× SO(6) in the UV, and U(4) in the infrared.
(vii) m1 6= 0, m2 6= 0, m1 6= m2, m3 = m4 = 0. In this case m˜1 = m˜4
m˜2 = m˜3 6= m˜1. The symmetry is U(1)2 × SO(4) in the UV, and
U(2)× U(2) in the infrared.
The cases of masses equal except sign, e.g., m1 = −m2, are similar.
Thus in all cases Eq.(5.28) has the correct symmetry properties as the
underlying theory. The vacuum solutions which follow from it are similar to
those found from Eq.(5.16), with simple replacement,
mi → m˜i (5.34)
so there are 8 of them. The interpretation and their positions in the quantum
moduli space (QMS) are different, however. In the equal mass limit, mi →
m0, The two solutions with
a = −m˜4√
2
, or a =
m˜4√
2
, (5.35)
can be regarded as two r = 0 vacua. Note that as |f1| 6= |g1| they correspond
to distinct points of the moduli space. On the other hand, in the other six
vacua a = 0 always and |fi| = |gi|, these six solutions correspond to the same
point of the moduli space: they may be associated with the r = 2 (sextet)
vacuum.
Remarks: The assumption that the Qi fields have different mass as-
signment in the two Chebyshev vacua, as in Eq. (5.16) and Eq. (5.28) (with
(5.29)), is indeed mainly motivated by the fact that the two Chebyshev
points in QMS are known to behave differently under the mass perturbation
[23]. One of the points splits into (for nearly equal masses mi 6= 0) two
nearby groups of 4 + 4 vacua (see Eq. (5.15)) corresponding to two r = 1
vacua, whereas the other is resolved into three groups of 1 + 1 + 6 vacua,
which correspond to two r = 0 and one r = 2 vacua (Eq. (5.14)). The
analysis of this section shows that these properties are precisely reproduced
by our low energy effective action. The flavor charges (5.29) suggest that
Q’s are really non-Abelian magnetic monopoles, as semiclassically magnetic
monopoles appear in the spinor representations of SO(2Nf ).
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5.3 Singular points in SU(N) SQCD
In this section we study two types of singular points in SU(N) SQCD (with
an even number Nf = 2n of flavors) which are relevant for the breaking to
N = 1. In the first case, which we have studied in chapter 3, the singular
point arises from the collision of different r vacua. Dynamical flavor symme-
try breaking does not occur in this case. The second class of singular points
arise in a “degeneration limit” of r = n vacua, in which the SW curve becomes
more singular. Vacua with different r are not involved in this case and the
pattern of flavor symmetry breaking remains to be U(Nf )→ U(n)× U(n).
Colliding r-vacua of the SU(N) SQCD
The singular point analyzed in chapter 3 arises when quark mass parameters
are fine-tuned to a particular value of the order of Λ,
m = m∗ ≡ ωk 2N −Nf
N
Λ , (k = 1, . . . , 2N −Nf , ω2N−Nf = 1). (5.36)
All the r-vacua with r = 0, 1, . . . , Nf2 (more precisely, one representative from
each r vacua) coalesce to form a single vacuum 2
y2 ∼ (x+m∗)Nf+1. (5.37)
This corresponds to the SCFT of the highest criticality [84] for
N = n+ 1 (NF = 2n). (5.38)
Exploiting the analysis of [46] it is easy to see that the low energy physics
at the singular point of interest for us can be described as
(i) A U(1)N−n−1 abelian sector, with massless particles charged under each
U(1) subgroup.
(ii) The (in general, non-Lagrangian) A sector with global symmetry SU(2)×
SU(Nf ).
(iii) The B sector is the most singular superconformal point of SU(2) theory
with two flavors (or theD3 Argyres-Douglas theory), with SU(2) flavor
symmetry.
(iv) SU(2) gauge fields coupled to the last two sectors.
2In [43] an analogous phenomenon was studied, but by using an appropriate N = 1
superpotential W (Φ) and selecting particular vacua.
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The presence of the µΦ2 term, breaking SUR(2) explicitly, is expected to
generate nonvanishing gaugino condensate through anomaly, and induce the
symmetry breaking
Z2N−Nf → Z2 . (5.39)
We are not able to deduce such a result directly with the GST dual descrip-
tion. However, the analysis of chapter 3 shows that the meson and gaugino
condensates are of the form (see Eq. (3.48))
〈Q˜iQi〉 ∼ µΛ , (indep. of i) ; 〈λλ〉 ∼ µΛ 6= 0 . (5.40)
The SU(Nf )× U(1) symmetry remains unbroken, in contrast to what hap-
pens (for generic m) in single r vacua, (1.61).
Higher order singularity
The vacuum arising from the collision of r vacua is not the only higher
singular point in softly broken N = 2 SU(N) SQCD. In order to illustrate
this point let us consider the simplest example, namely SU(4) theory with
Nf = 4: the SW curve is
y2 = (x4 − u2x2 − u3x− u4)2 − 4Λ4(x+m)4.
In this case the r = 2 vacuum can be found easily and the curve assumes
the form
y2 = (x+m)4(x−m)2(x−m− 2Λ)(x−m+ 2Λ).
From here we easily see that when m = ±Λ the curve can be approximated
as y2 ≈ (x + m)5 and we recover the case studied before. On the other
hand, in the limit m = 0 the curve becomes more singular and reduces to
y2 ≈ x6. Of course, this singular point exists in the general case, as long as
n < N − 1 (this was already noticed in [23]): in a r = Nf2 vacuum the SW
curve assumes the form
y2 = (x+m)NfQ2N−n−1(x)(x− α)(x− β).
The roots of QN−n−1 have multiplicity one and are located at (see [23])
x =
Nf
2N −Nfm+ 2Λ cos
(
2kpi
2N −Nf
)
; k = 1, . . . , N − Nf
2
− 1. (5.41)
When the bare mass is chosen in such a way that −m coincides with one of
these roots the SW curve can be approximated as y2 ≈ (x+m)Nf+2.
From the analysis performed in [46] we can conclude that the low energy
physics at this singular point can be described as follows:
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(i) A U(1)N−n−2 abelian sector, with massless particles charged under each
U(1) subgroup.
(ii) The A sector with global symmetry SU(2) × SU(Nf ) described in the
previous section.
(iii) The B sector is the most singular point of SU(3) theory with two
flavors (or the D4 Argyres-Douglas theory), with SU(2)× U(1) flavor
symmetry 3.
(iv) SU(2) gauge fields coupled to the last two sectors.
From the analysis performed in chapter 3 it is easy to see that the pattern
of symmetry breaking (once the superpotential for the adjoint field is turned
on) is U(Nf ) → U(Nf/2) × U(Nf/2), the same as an r = Nf/2 vacuum.
The main difference with respect to the previous case is that this vacuum
does not arise from the coalescence of different r vacua.
5.4 Breaking to N = 1 in the singular vacua
In this section we want to test our proposal for the low-energy effective
description at the singular points by reproducing the correct pattern of flavor
symmetry breaking occurring once the µTrΦ2 perturbation is turned on.
As we have seen, for genericm the most singular point in the moduli space
is the r = Nf/2 vacuum 4 (in which the SW curve can be approximated as
y2 ≈ (x+m)Nf ). Its low-energy physics involves a scale invariant sector with
SU(Nf/2) gauge group, whose coupling constant depends on m. For special
values m∗ of order Λ (or zero) the SW curve degenerates further (y2 ≈ (x+
m)Nf+1 or y2 ≈ (x+m)Nf+2, as we have seen before ). It is easy to see that,
as we approach these critical values the coupling constant of the SU(Nf/2)
theory diverges. In this limit it is convenient to adopt the Argyres-Seiberg
dual description [118] in which an SU(2) gauge group emerges, coupled to an
hypermultiplet in the doublet (B sector) and to a strongly coupled interacting
sector which coincides precisely with the A sector introduced above.
In order to describe the low energy physics at the most singular point in
a neighbourhood of the critical values m∗, it is thus convenient to introduce
these two sectors. As we approach the critical value m∗ the curve becomes
more singular and the B sector, which is free in the r vacuum, becomes
interacting (D3 or D4 Argyres-Douglas theory for the two classes of singular
points we are interested in). In the process the A sector is just a spectator.
3Actually, it was recently shown in [243] that in this case the flavor symmetry enhances
to SU(3). However, an SU(2) subgroup is gauged and the manifest flavor symmetry is
the commutant of SU(2) inside SU(3), which is U(1).
4As is well known, the curve can become even more singular. However, such points are
not relevant in view of the breaking to N = 1.
149
5 Singular SQCD Vacua and Confinement
Finding the effective low energy description at these singular points once
the µTrΦ2 term is turned on is in general very hard. However, in the Nf = 4
case the problem is greatly simplified, since the A sector is free. For m
close to m∗ the low energy physics in the r = 2 vacuum admits a lagrangian
description analogous to (5.1). The only difference is that the A sector
describes three doublets of SU(2) instead of four. Imposing the F-term
equations we find as before a non vanishing condensate for the Q0 and Q1
fields (we use the same notation as in (5.1)), reproducing the correct pattern
of symmetry breaking:
U(1)× SO(6)→ U(1)× U(1)× SO(4) ' U(2)× U(2).
Clearly, if the condensate for Q0 vanishes, the one for Q1 vanishes as well,
restoring the full U(Nf ) flavor symmetry of the theory. The Q0 condensate
can be determined focusing on the B sector only, which is the most singular
point in SU(2) or SU(3) theory with two flavors in the cases of interest for
us. The problem is thus reduced to computing the abelian condensates in
SU(2) or SU(3) theories (the calculation is confined in the appendix). The
result is that the Q0 condensate vanishes in the SU(2) case but not in the
SU(3) one, reproducing the expected pattern of flavor symmetry breaking.
As we have seen the effective theory is non lagrangian in this case. How-
ever, in order to check the counting of vacua in the mass-deformed theory,
we can exploit the fact that we know much about the interacting B sec-
tors of these two models: they can be realized as IR fixed points of simple
lagrangian theories. We will precisely use this idea in the rest of the section.
5.4.1 Colliding r vacua of the SU(N), Nf = 4 Theory
We have seen that the effective GST dual is made of the A sector describing
the three doublets of free hypermultiplets and the B sector, which is the
most singular SCFT of the SU(2), Nf = 2 theory
D3 − SU(2)− 3 . (5.42)
In order to see the effect of the N = 1 perturbation µΦ2 in this vacuum,
let us replace the B sector (the D3 theory) by a new SU(2) theory and a
bifundamental field P ,
SU(2)
P−SU(2)− 3 . (5.43)
The superpotential has the form,
3∑
i=1
√
2QiΦQ˜
i +
3∑
i=1
m˜iQiQ˜
i + µΦ2 +
√
2PΦP˜ +
√
2P˜χP + µχ2 +m
′
P˜P,
150
5.4 Breaking to N = 1 in the singular vacua
where P = Pαa and χ is the adjoint scalar of the new SU(2) gauge multiplet.
The new SU(2) intereactions are asymptotically free and become strong in
the infrared. As the SU(2) of GST is weakly coupled, the dynamics of the
new SU(2) is not affected by it. Let us recall that the D3 singular SCFT
arises in the SU(2) theory with two flavors (with the same bare mass m′)
as the result of collision of a doublet singularity (at u = m′ 2) with another,
singlet vacuum. This occurs when m′ coincides with the dynamical scale Λ′ .
If we perturb the D3 singularity, setting
m′ ' ±Λ′ , (5.44)
but not exactly, the AD point splits as mentioned before in two vacua. Let
us analize the resulting systems. The physics of the doublet singularity can
be described as follows. The P system dynamically Abelianizes and gives
rise to a superpotential,
3∑
i=1
√
2QiΦQ˜
i +
3∑
i=1
m˜iQiQ˜
i + µΦ2 +
√
2MΦM˜
+
√
2M˜AχM + µAχΛ
′
,
(5.45)
where a doublet of M represent light Abelian monopoles. The mass param-
eters are assumed to have the form [89]
m˜1 =
1
4
(m1 +m2 −m3 −m4) ;
m˜2 =
1
4
(m1 −m2 +m3 −m4) ;
m˜3 =
1
4
(m1 −m2 −m3 +m4) , (5.46)
as in (5.29) but without m˜4, in terms of the bare quark masses of the un-
derlying SU(3) theory.
Again the flavor symmetry in various cases works out correctly (in all
cases a U(1) in the infrared comes from M):
(i) In the equal mass limit, mi = m0 (i = 1, 2, 3, 4) ,
m˜1 = m˜2 = m˜3 = 0 , (5.47)
so the symmetry is
U(1)× SO(6) = U(1)× SU(4) . (5.48)
Note that in contrast to the USp(2N) theory, the symmetry is not
enhanced and remains to be SU(4)× U(1) in the mi = 0 (so m˜i = 0)
limit
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(ii) m1 = m2, m3, m4 generic. In this case m˜2 = −m˜3 and m˜1 is generic,
so the symmetry is U(1)×U(1)× SU(2), as in the underlying theory;
(iii) m1 = m2 6= 0, m3 = m4 = 0. In this case, m˜1 6= 0 and m˜2 = m˜3 = 0,
so the symmetry is U(2)×U(2) in the UV while U(1)×U(1)×SO(4)
in (5.28), which is the same.
(iv) m1 = m2 = m3 6= 0, m4 generic. In this case, m˜1 = m˜2 = −m˜3 6= 0.
Again the symmetry is U(3)× U(1) both in the UV and IR.
(v) m1 = m2 6= 0 and m3 = m4 6= 0 but m1 6= m3. In this case m˜2 = m˜3 =
0 and m˜4 and m˜1 generic. The flavor symmetry is
SO(4)× U(1)× U(1) = SU(2)× SU(2)× U(1)× U(1) ; (5.49)
this is equal to the symmetry
SU(2)× U(1)× SU(2)× U(1) (5.50)
of the underlying theory.
(vi) m1 6= 0, m2 = m3 = m4 = 0. In this case m˜1 = m˜2 = m˜3 6= 0. The
symmetry is U(1)× U(3) both in the UV and IR.
(vii) m1 6= 0, m2 6= 0, m1 6= m2, m3 = m4 = 0. In this case m˜1 6= 0,
m˜2 = m˜3 6= m˜1. The symmetry is U(1)2 × U(2) in the UV, and
U(1)× U(1)× U(2) in the infrared.
Note that the flavor symmetry in various cases is not the same in USp(2N)
and SU(N) theories. When at least two masses are zero, the symmetry is
larger in the USp(2N) theory, so the exact matching of the flavor symmetry
in the UV and in the IR is quite nontrivial.
The vacuum equations are now
MM˜ + µΛ′ = 0 ; (5.51)
(φ+Aχ)M˜ = M (φ+Aχ) = 0 ; (5.52)
√
2
[
1
2
3∑
i=1
Qai Q˜
i
b −
1
4
δab (QiQ˜
i) +
1
2
MaM˜b − 1
4
δabMM˜
]
+ µφab = 0 ; (5.53)
(φ+ m˜i) Q˜
i = Qi (φ+ m˜i) = 0, ∀i . (5.54)
The first says that M 6= 0. By gauge choice
M = M˜ =
(
2−1/4
√−µΛ′
0
)
(5.55)
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so that
1
2
MaM˜b − 1
4
(MM˜) δab =
(−µΛ′)
4
√
2
τ3 . (5.56)
The second equation is satisfied by adjusting Aχ, whichever valur φ takes.
The solution of the third equation (5.53) without Q vevs is not acceptable as
it implies a large (O(Λ′)) vev for φ. We are led to conclude that (i = 1, 2, 3):
a = −m˜i, Qi = Q˜i =
(
hi
0
)
; Qj = Q˜j = 0, j 6= i . (5.57)
such that
h2i =
µΛ′√
2
+ 2 m˜i µ (5.58)
or
a = m˜i, Qi = Q˜i =
(
0
ki
)
; Qj = Q˜j = 0, j 6= i , (5.59)
and
k2i = −
µΛ′√
2
+ 2 m˜i µ . (5.60)
These give six vacua (corresponding to the r = 2 vacua). Where are other,
r = 0, 1 vacua?
Now in the singlet vacuum the low energy physics of the new SU(2)
theory is an Abelian gauge theory with a single monopole, N , thus our
effective superpotential is similar with (5.45) but with N field having no
coupling to the weak GST SU(2) gauge fields:
3∑
i=1
√
2QiΦQ˜
i +
3∑
i=1
m˜iQiQ˜
i + µΦ2 +
√
2N˜AN + µAΛ
′
+m
′
N˜N. (5.61)
Now the U(1) part gets higgsed as usual, and the GST SU(2) gauge theory
becomes asymptotically free, having N˜f = 3 hypermultiplets with small
masses m˜i. The infrared limit of this theory is well known: there is one
vacuum with four nearby singularities and one singlet vacuum [2]. In the
quadruple vacuum, the mass perturbation m˜i give four nearby vacua, the
light hypermultiplets have masses, in the respective vacua [89],
mˆ1 = m˜1 + m˜2 + m˜3 =
1
4
(3m1 −m2 −m3 −m4) ; (5.62)
mˆ2 = −m˜1 − m˜2 + m˜3 = 1
4
(3m4 −m1 −m2 −m3) ; (5.63)
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mˆ3 = −m˜1 + m˜2 − m˜3 = 1
4
(3m3 −m1 −m2 −m4) ; (5.64)
mˆ4 = m˜1 − m˜2 − m˜3 = 1
4
(3m2 −m1 −m3 −m4) : (5.65)
they correctly represent the physics of the r = 1 vacuum where the light
hypermultiplets appear in the 4 of the underlying SU(Nf ) = SU(4) group.
Finally, in the singlet vacuum of the new SU(2), N˜f = 3 theory, the light
hypermultiplet is a singlet of the flavor group, so it is also a singlet of the
original SU(4) flavor group.
5.4.2 Singular r = 2 vacua of the SU(N), Nf = 4 Theory
In the case of the higher singularity of SU(4), Nf = 4 theory the GST dual
description is
D4 − SU(2)− 3 (5.66)
where D4 is the most singular SCFT of SU(3) theory with N˜f = 2 flavors
and 3 represents three doublets as before.
We therefore replace the above with another system
SU(3)
B−SU(2)− 3 (5.67)
with a bifundamental field Bαa carrying both SU(3) and SU(2) charges, that
is,
3∑
i=1
√
2QiΦQ˜
i +
3∑
i=1
m˜iQiQ˜
i + µΦ2 +
√
2BΦB˜
+
√
2B˜χB + µχ2 +m
′′
B˜B.
(5.68)
where χ is the adjoint scalar of the new SU(3) and m˜i are given by (5.46).
For simplicity we have set the mass parameters for Φ and χ to be equal.
m˜i = 0, i = 1, 2, 3 in the equal mass limit of the underlying theory, mi = m0,
i = 1, . . . , 4, so the system has the correct flavor symmetry, SO(6)×U(1) =
SU(4)×U(1). The flavor symmetry in various cases of unequal masses works
out as in Subsection 5.4.1.
The SUGST (2) interactions are weak and do not affect significantly the
SU(3) gauge interactions. Actually, in order to study the system (5.66), we
must focus our attention to one particular SU(3) vacuum (i.e., D4 SCFT).
D4 SCFT appears as the r =
Nf
2 = 1 vacuum of the new SU(3), N˜f = 2
theory in the limit m′′ → 0 (see the appendix). In contrast to the case
discussed in the previous subsection, the r = 1 vacuum does not collide with
the r = 0 vacuum.
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The SU(3), N˜F = 2 theory is asymptotically free and becomes strongly
coupled in the infrared. For m′′ 6= 0 the low energy dynamics at the
r = 1 vacuum is described by a U(1)2 theory [2]: two types of massless
monopole hypermultiplets M and N appear, each carrying one of the local
U(1) charges, and one of them (M) is a doublet of the flavor SU(N˜F ) =
SUGST (2). Therefore the low-energy effective superpotential is given by
3∑
i=1
√
2QiΦQ˜
i +
3∑
i=1
m˜iQiQ˜
i + µΦ2 +
√
2MΦM˜ +
√
2M˜AχM + µAχΛ
′
+m
′′
M˜M +
√
2N˜AN + µAΛ
′
(5.69)
where M is now a doublet of Abelian monopoles and N is the Abelian
monopole, singlet of the flavor SU(N˜F ) = SU(2). The vacuum equations
are
√
2MM˜ + µΛ′ = 0 ; (5.70)
(
√
2φ+Aχ +m
′′
)M˜ = M (
√
2φ+Aχ +m
′′
) = 0 ; (5.71)
√
2
[
1
2
3∑
i=1
Qai Q˜
i
b −
1
4
δab (QiQ˜
i) +
1
2
MaM˜b − 1
4
δabMM˜
]
+ µφab = 0 ; (5.72)
(
√
2φ+ m˜i) Q˜
i = Qi (
√
2φ+ m˜i) = 0, ∀i . (5.73)
The solution of these equations are given by Eqs. (5.55)-(5.60) with the
replacement m˜i → mi. We therefore find six vacua, corresponding to the
r = 2 vacua of the underlying theory.
The degeneracy of vacua can also be determined integrating out the
SU(3) ψ field and adding the ADS superpotential. This procedure will in-
evitably produce the whole set of vacua of the model, including all vacua of
the SU(3) theory, whereas we are interested only in one of the r = N˜f2 = 1
vacua, since we are interested in the D4 sector. Our strategy will be to
make the computation in the general case and then discard all the unwanted
solutions. Integrating out ψ the effective superpotential becomes
W =
3∑
i=1
√
2QiΦQ˜
i +
3∑
i=1
m˜iQiQ˜
i + µΦ2 +mTrM +
µ3Λ4
detM
+ Tr(ΦM)
− 1
2µ
(
TrM2 − (TrM)
2
3
)
,
where Mab is the meson field B˜aαBαb . The meson matrix can be supposed
diagonal and we will parametrize it as M = aI + 2bτ3, so
Tr(ΦM) = Φ3b, detM = a2 − b2, TrM = 2a, TrM2 = 2(a2 + b2) .
155
5 Singular SQCD Vacua and Confinement
The superpotential then becomes
W =
3∑
i=1
√
2QiΦQ˜
i +
3∑
i=1
m˜iQiQ˜
i + µΦ2 + Φ3b+ 2ma
+
µ3Λ4
a2 − b2 +
4a2
6µ
− a
2 + b2
µ
.
(5.74)
Modulo a gauge choice we can diagonalize the Φ field, so that Φ3 is the only
nonvanishing component. We thus find the following F-term equations:
2m− 2a
3µ
− 2µ
3Λ4
(a2 − b2)2a = 0 , (5.75)
Φ3 − 2b
µ
+
2µ3Λ4
(a2 − b2)2 b = 0 , (5.76)
(
√
2Φ +mi)Qi = 0, b+ µΦ3 +
√
2Q˜iQi|3
2
= 0 , (5.77)
where Q˜Q|3 is the component proportional to τ3. If the vev of Q is nonzero,
then Φ3 = ±
√
2mi (as before, only one Qi can have vev and one of the two
components must vanish). Since there are six possibilities we will get the six
vacua we were looking for. The last equation then tells that
Q˜iQi = ±2µmi − b .
The first two equations imply that a2 − b2 ∝ µ2Λ2. If the vev of Q is zero
we have two possibilities: b nonzero and µΦ3 = −b. But then we get b ∼ µΛ
which in turn implies that Φ3 ∼ Λ and this solution should be discarded.
The other possibility is b = Φ3 = 0 and then from the first equation a ∼ µΛ.
We get four solutions which precisely correspond to the r = 0 vacua of the
SU(3) theory. Since we are not interested in these vacua we simply discard
them.
The solutions corresponding to the r = 2 vacua of our theory are correctly
characterized by a nonvanishing Q condensate and thus the pattern of flavor
symmetry breaking is the expected
U(4)→ U(2)× U(2) .
Indeed we can proceed as before and choosing m 6= 0 the singular point de-
scribing the D4 theory evolves into a r = 1 vacuum whose massless spectrum
includes two vector multiplets that we will denote A and B, two hypermul-
tiplets charged under e.g., A and forming a doublet of the SU(2) flavor
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symmetry of the theory and a third hypermultiplet charged under B which
is a singlet of the flavor symmetry. The effective superpotential is thus
W =
3∑
i=1
√
2QiΦQ˜
i +
3∑
i=1
m˜iQiQ˜
i + µΦ2 +
√
2M˜φM +
√
2M˜AM
+
√
2R˜BR+ µ1ΛA+ µ2ΛB.
This correctly describes the physics of the perturbed r = 2 vacuum of SU(4)
SQCD with four flavors, leading to six vacua. The computation proceeds as
in the previous sections.
5.5 Singular points of SO(N) SQCD
In chapter 4 Tchebyshev points of SO(N) theories were analyzed as well. The
outcome was the by now familiar two-sector structure (for SO(2N) SQCD
with even Nf or SO(2N + 1) SQCD with Nf odd): one hypermultiplet
charged under an Abelian gauge group and a SCFT which can be described
in terms of the 6d DN theory compactified on a three-punctured sphere [45].
These two sectors are coupled as before through an infrared free SU(2) vector
multiplet. The analysis of the N = 1 breaking in the general case is still out
of reach but we can analyze in detail a couple of examples with low number
of flavors, since as expected the superconformal sector simplifies enough to
make the problem approachable. We will study the cases Nf = 1, 2 which
already involve a nontrivial structure hard to guess without performing the
analysis in the above mentioned paper.
5.5.1 SO(2N + 1) theory with one flavor
The SW curve at the Chebyshev point of SO(2N +1) SQCD with one flavor
becomes y2 = x4. The superconformal sector entering the GST description
becomes free in this case and describes one hypermultiplet in the adjoint of
SU(2), thus saturating its beta function. Notice that starting in the UV
from a theory with a single matter field in the vector representation, we end
up with an infrared effective description involving an SU(2) gauge group
coupled to matter fields in different representations! The expectation from
the semiclassical analysis [241] is that the SU(2) flavor symmetry is dynam-
ically broken to U(1) when the mass term µTrΦ2 is turned on. Furthermore,
if we give mass to the flavor (or to the hyper in the adjoint in the effective
description) we expect to get two vacua (2Nf = 2). Since our infrared effec-
tive theory admits a Lagrangian description, all these properties should be
reproduced by the equations of motion. We will now check that this is case.
In the N = 1 language we describe the hypermultiplet in the adjoint
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using two chiral multiplets X1 and X2. The superpotential is
W =
√
2Q˜ADQ+
√
2Q˜ΦQ+ µADΛ + µTrΦ2
+
√
2iTr(Φ[X1, X2]) +mTr(X1X2).
(5.78)
The variation with respect to AD tells that Q has a nonvanishing vev. By
gauge choice we can set Q2 = 0 and then the variation with respect to Q˜
implies that Φ is diagonal. The variation with respect to the fields in the
adjoint give the equations (we write them as X = Xaτa):
√
2Q˜τaQ+ µΦa +
√
2iTr(τa[X1, X2]) = 0 , (5.79)
m
2
Xa2 +
√
2iTr(Φ[τa, X2]) = 0 , (5.80)
m
2
Xa1 −
√
2iTr(Φ[τa, X1]) = 0 . (5.81)
Since Φ1 = Φ2 = 0, equations (5.80,5.81) imply thatX31 = X32 = 0 (it suffices
to note that Tr(τ3[τ3, · ]) = 0). The nontrivial equations become then
m
2
Xi2 −
√
2
2
ij3Φ3X
j
2 = 0,
m
2
Xi1 +
√
2
2
ij3Φ3X
j
1 = 0,
µΦ3 − µΛ
2
−
√
2
2
ij3X
i
1X
j
2 = 0.
Notice that the above equations imply that none of the unknowns can vanish
(if one of the Xi’s vanish we would have Φ3 ∼ Λ, which we must discard as
explained in the previous sections). Setting Xi=11 ≡ a, Xi=21 ≡ b, the second
equation leads to the system
m
2
a+
Φ3√
2
b = 0,
m
2
b− Φ3√
2
a = 0 .
Writing a in terms of b and Φ3 using the first relation and substituting in the
second we directly get Φ23 = −m2/2 and thus a = ±ib. Using an analogous
argument the third equation leads to d = ±ic, where Xi=12 ≡ c, Xi=22 ≡ d.
Notice that if we choose e.g. a = +ib we are forced to set d = +ic and not
−ic, otherwise the term ij3Xi1Xj2 would vanish. Since the D-term equations
imply that |b| = |c|, we get two solutions as expected. In the massless limit
m = 0, both the gauge and flavor symmetries are broken by the vevs of Q
and Xi’s. However, a diagonal combination of the gauge and flavor Abelian
subgroups leaves the vevs invariant. We thus recover the expected U(1)
flavor symmetry.
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5.5.2 SO(2N) theory with two flavors
The SW curve at the Chebyshev points in these theories becomes y2 = x6
[241]. In [38] it was found that the superconformal sector does not become
free in this case but turns out to be a well known Lagrangian SCFT: SU(2)
SQCD with four flavors. Symbolically the system can be represented as
1
Q−SU(2)Mi− SU(2) . (5.82)
An SU(2) subgroup of the SO(8) flavor symmetry is gauged in the present
context, leaving the commutant USp(4) ungauged, matching the UV flavor
symmetry of the theory. The USp(4) symmetry tells us that the low energy
theory at the Chebyshev point is a SU(2) × SU(2) gauge theory with two
hypermultiplets in the bifundamental and one doublet charged under only
one of the SU(2) factors. The semiclassical analysis predicts that the flavor
symmetry is dynamically broken to U(2) when we turn on the mass term
for the chiral multiplets in the adjoint, while keeping the bifundamentals
massless [241]. If we give mass to the bifundamentals as well, we expect to
find 2Nf = 4 vacua. We shall now see that the equations of motion for the
infrared effective theory reproduce all these features.
We indicate in N = 1 notation the hypermultiplets in the bifundamental
withM1, M˜1, M2, M˜2 and the chiral multiplets in the adjoint with Φ and Ψ.
The superpotential will then be (the sum over i = 1, 2 for the bifundamentals
is implied)
W =
√
2Q˜ADQ+
√
2Q˜ΦQ+
√
2Tr(M˜iΦM i) +
√
2Tr(M iΨM˜i)
+miTr(M˜iM i) + µADΛ + µTrΦ2 + νTrΨ2,
(5.83)
where µ and ν are of the same order. As usual, the variation with respect
to AD implies that the doublet Q has non vanishing vev. We can then use
the gauge freedom to set Q2 to zero and to diagonalize Ψ. The equation for
Q˜ will then imply that Φ is diagonal too. The equations coming from the
variation of Φ and Ψ are then
µφ3 − µΛ
2
+
√
2Tr(M˜iτ3M i) = 0,
√
2Tr(M˜iτ1,2M i) = 0 , (5.84)
νΨ3 +
√
2Tr(M iτ3M˜i) = 0,
√
2Tr(M iτ1,2M˜i) = 0 . (5.85)
Since this will play a role later in the derivation, we would like to draw the
reader’s attention to the fact that we require the vevs of both Φ and ψ to
be much smaller than Λ. This in particular implies that Tr(M˜iτ3M i) and
Tr(M iτ3M˜i) cannot be of the same order (the first should be much larger
than the second in order to compensate the term proportional to µΛ in
(5.84)). The variation with respect to the bifundamental fields gives
√
2ΦMi +miMi +
√
2MiΨ = 0,
√
2ΨM˜i +miM˜i +
√
2M˜iΦ = 0 .
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It is convenient to rewrite these two equations in matrix form:(
(mi +
Φ3√
2
+ Ψ3√
2
)ai (mi +
Φ3√
2
− Ψ3√
2
)bi
(mi − Φ3√2 +
Ψ3√
2
)ci (mi − Φ3√2 −
Ψ3√
2
)di
)
= 0 ,(
(mi +
Φ3√
2
+ Ψ3√
2
)ei (mi − Φ3√2 +
Ψ3√
2
)fi
(mi +
Φ3√
2
− Ψ3√
2
)gi (mi − Φ3√2 −
Ψ3√
2
)hi
)
= 0 ,
(5.86)
where we have set (we will take into account D-terms later)
Mi =
(
ai bi
ci di
)
, M˜i =
(
ei fi
gi hi
)
, i = 1, 2 .
It is clear that for m1 and m2 generic, equation (5.86) requires that some
entries of Mi and M˜i vanish.
One can check that there are no solutions if only one of the bifundamen-
tals (for instance, M1) is to have nonvanishing vev. This can be shown as
follows: it is easy to see that at least two entries (both forM1 and M˜1) must
be zero. Taking into account the rightmost equations in (5.84) and (5.85),
one can easily check that actually at most one entry can be different from
zero, but then Tr(M˜iτ3M i) and Tr(M iτ3M˜i) differ at most by a sign and are
thus of the same order and this is in conflict with the observation we made
before.
We are then forced to let both M1 and M2 be nontrivial. This can be
achieved by imposing e.g. the equations
m1 +
Φ3√
2
+
Ψ3√
2
= 0, m2 +
Φ3√
2
− Ψ3√
2
= 0 , (5.87)
which determine both Φ3 and Ψ3 in terms of the mass parameters. Clearly
both M1 and M2 can have only one nonvanishing entry.
Let us now count the number of possible solutions: one naively has four
possible choices for M1; in two cases the matrix is diagonal and in the other
two offdiagonal. Actually, the action of the SU(2) element
T =
(
0 1
−1 0
)
(5.88)
of the second SU(2) gauge factor interchanges these two possibilities and we
may assume, e.g., that M1 is diagonal. There are two solutions according to
which diagonal element is chosen to be nonvanishing.
The other two solutions (in whichM1 is offdiagonal) are gauge equivalent
to these and should not be considered distinct 5. Having M1 of diagonal
form, equation (5.86) then implies that M2 is offdiagonal and we have two
5We cannot act with an analogous subgroup of the other gauge factor as it is already
broken by the Q vev.
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possible choices. If we now take into account the D-term condition we find
that (modulo a phase) M˜1 = M
†
1 and M˜2 = M
†
2 . Each one of the four
possible choices lead then to a single solution once equations (5.84), (5.85)
are taken into account. We thus find four solutions as anticipated. One of
the solutions, corresponding to the choice, (5.87), takes the form,
M1 =
(
a1 0
0 0
)
; M2 =
(
0 0
g2 0
)
, (5.89)
where a1 and g2 are determined by Eqs. (5.84), (5.85), (5.87) and are of the
order of O(µΛ, µmi).
In the massless limit the Φ and Ψ vevs go to zero. The Q condensate
breaks the first SU(2) gauge symmetry factor and the vev of the bifundamen-
tals breaks the second SU(2) gauge factor. The USp(4) flavor symmetry is
broken as well; however, there is a diagonal combination of the global SU(2)
gauge transformations (coming from the second gauge factor) and (an SU(2)
subgroup of) flavor transformations which acts trivially on our solution of the
field equations and thus remains unbroken. Furthermore, the second Cartan
generator of the flavor symmetry group of the theory can combine with the
Cartan of the first SU(2) gauge group to give the generator of a U(1) group
which is unbroken. The color-flavor locking mechanism thus leads to the
U(2) unbroken global symmetry, which is the correct unbroken symmetry
expected from the analysis made at large µ [241].
5.6 Discussion
The fate of an N = 2 SCFT upon deformation by N = 1, adjoint mass
perturbation, µΦ2, can be of several different types. A nontrivial N = 2
SCFT in the UV might smoothly flow into an N = 1 SCFT in the infrared
(see [251] for some beautiful observations). An infrared fixed-point SCFT in
an N = 2 theory might get lifted upon µΦ2 deformation, as in the case of
the original AD point in the pure N = 2, SU(3) theory.
Infrared fixed-point N = 2 SCFT’s might also be brought into confine-
ment phase, as shown in the original Seiberg-Witten work [1, 2], in the case
of local r vacua [23], or in the cases of singular SCFT’s discussed in the
present paper. What distinguishes these systems is the presence of U(1) fac-
tors in the effective gauge symmetry. More precisely the property required
is the nontrivial fundamental group,
pi1(Geff ) 6= 1 (5.90)
where Geff is the low-energy gauge group, and that all the U(1) factors
are broken upon µΦ2 perturbation. If the underlying gauge group is simply
connected, the vortices of the low-energy theory should not exist in the full
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theory. If the low-energy theory is magnetic, then the condensation leading
to the breaking Geff → 1 implies confinement of color.
What was not known in earlier studies [23, 241, 34] is what happens in
the singular Chebyshev vacua (EHIY points), and if the system would be
brought into confinement phase, which kind of confinement phase it would
be. Since such a system apparently involved (infinitely) strongly-coupled,
relatively nonlocal monopoles and dyons, it was not at all evident whether
or not the standard (weakly-coupled) dual Higgs picture worked.
The checks made in this chapter have been primarily aimed at ascer-
taining that one is indeed correctly describing the infrared physics of these
SCFT’s of highest criticality, deformed by a small µΦ2 perturbation, in terms
of the GST duals [46]. Once such a test is done, one can safely discuss the
infrared physics in the limit of singular SCFT, directly.
Let us take the example of the theory discussed in Section 5.2. In the
case of USp(2N), Nf = 4 theory, the GST dual is
1 − SU(2)− 4 . (5.91)
The effect of µΦ2 deformation of this particular theory can then be analyzed
straightforwardly in the massless theory by using the superpotential,
√
2Q0ADQ˜
0 +
√
2Q0φQ˜
0 +
4∑
i=1
√
2QiφQ˜
i + µADΛ + µTrφ2 . (5.92)
The solution of the equations of motion are:
Q0 = Q˜0 =
(
2−1/4
√−µΛ
0
)
(5.93)
φ = 0, AD = 0 . (5.94)
The contribution from Qi’s must then cancel that of Q0 in Eq. (5.19). By
flavor rotation the nonzero VEV can be attributed to Q1, Q˜1, i.e., either of
the form
(Q1)
1 = (Q˜1)1 = 2
−1/4√µΛ , Qi = Q˜i = 0, i = 2, 3, 4. (5.95)
or
(Q1)
2 = (Q˜1)2 = 2
−1/4√−µΛ , Qi = Q˜i = 0, i = 2, 3, 4. (5.96)
The U(1) gauge symmetry is broken by the Q0 condensation: an ANO vortex
is formed. As the gauge group of the underlying theory is simply connected,
such a low-energy vortex must end. The quarks are confined. The flavor
symmetry breaking
SO(8)→ U(1)× SO(6) = U(1)× SU(4) = U(4), (5.97)
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is induced by the condensation of Q1, which does not carry the U(1) gauge
charge. The pattern of the symmetry breaking agrees with that found at
large µ [23].
The vortex is made of the Q0 field and the effective Abelian gauge field.
The most interesting feature of this system is that there is no dynamical
Abelianization, i.e., the effective low-energy gauge group is SU(2) × U(1).
The confining string is unique and does not lead to the doubling of the me-
son spectrum. The global symmetry breaking of the low-energy effective
theory is the right one (5.97), but the vacuum is not color-flavor locked. The
confining string is of Abelian type, and is not a non-Abelian vortex as the
one appearing in an r vacuum. These facts clearly distinguish the confining
system found here both from the standard Abelian dual superconductor type
systems and from the non-Abelian dual Higgs system found in the r-vacua
of SQCD. The dynamical symmetry breaking and confinement are linked to
each other (the former is induced by the Q condensates, which in turn, is
triggered by the Q0 condensation which is the order parameter of confine-
ment), but not described by one and the same condensate.
The SO(N) systems discussed in Section 5.5 present other examples of
confining vacua, with similar properties. In the SO(2N +1) theory with one
flavor the low energy description involves fields in different representations of
SU(2): one in the fundamental and one in the adjoint. As before an abelian
confining string made of the field in the dublet is produced, whereas flavor
symmetry breaking is induced by the field in the adjoint. In the SO(2N)
theory with two flavors one of the sectors in the GST description is interact-
ing, as opposed to the two cases just discussed. However, this SCFT turns
out to be a well-known lagrangian theory (SU(2) with four flavors) which
can be studied with standard techniques. In this case we come across the
flavor-locking mechanism: the bifundamental fields break both gauge and
flavor symmetry but the diagonal combination of the two is unbroken, thus
reproducing the expected global symmetry of the theory. Also in this case
the vortex is abelian and the two bifundamentals are not related to its for-
mation.
We conclude with a brief comment on the nature of the GST variables.
The mass assignment such as in Eq. (5.29) which reproduces correctly the
flavor symmetry property of the underlying theory, is a clear sign of the
magnetic monopole nature of the low-energy matter content. Their con-
densation therefore implies confinement of the color-electric charges. Nev-
ertheless, the way they realize the dynamical flavor symmetry breaking and
confinement appears to present various new features as compared to the
straightforward dual superconductor picture of confinement, abelian or non-
abelian, and seems to urge a better understanding of the new confinement
phases.
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Monopole condensates in SU(2) and SU(3) Nf = 2 theories
The SW curve for the SU(2) theory with two flavors can be written as
y2 = (x2 − u)2 − 4Λ2(x+m)2,
and if we set u = m2 it degenerates to
y2 = (x+m)2(x−m− 2Λ)(x−m+ 2Λ). (5.98)
The low energy physics at this point is described by an Abelian U(1) theory
with two massless electrons and when we turn on the N = 1 deformation
µTrΦ2, the corresponding effective action includes the superpotential
√
2Q˜1AQ1 +
√
2Q˜2AQ2 + µU ; U ≡ 〈TrΦ2〉.
The equations of motion thus impose the constraint
〈Q˜1Q1〉+ 〈Q˜2Q2〉 = − µ√
2
∂U
∂A
.
In order to compute the condensate we now have to evaluate ∂U/∂A. This
can be done noticing that
∂U
∂A
−1
=
∂A
∂U
=
∫
γ
∂λ
∂U
,
where the contour γ is a small circle surrounding the point x = −m. We can
now exploit the fact that the SW differential for SU(N) SQCD satisfies the
relation [74]
∂λ
∂U
=
dx
y
xN−2.
From (5.98) we then obtain
∂U
∂A
∝
√
(Λ +m)(Λ−m).
This quantity vanishes for m = ±Λ, which are precisely the values such that
the SW curve degenerates further and we encounter the D3 Argyres-Douglas
point. This shows that the Q0 condensate (in the notation of 5.1) vanishes
at this point.
The computation for SU(3) is similar: the SW curve in this case is
y2 = (x3 − Ux− V )2 − 4Λ4(x+m)2
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and setting U = 2Λ2 + 34m
2, V = 2mΛ2 − m34 we reach the r = 1 vacuum,
the point we are looking for. The SW curve at this point factorizes as
y2 = (x+m)2(x− m
2
)2(x2 −mx+ m
2
4
− 4Λ2), (5.99)
and the low energy effective action describes an Abelian U(1)2 theory with
two massless hypermultiplets charged under one U(1) factor and another
hypermultiplet charged under the second one. In the m→ 0 limit the curve
degenerates further and we find the maximally singular point. In order to
find the Q0 condensate we have to evaluate as before
∂A
∂U
=
∫
γ
∂λ
∂U
,
where the contour γ is again a circle around the point x = −m. The crucial
difference with respect to the SU(2) case is the fact that now
∂λ
∂U
=
xdx
y
,
leading to the relation
∂A
∂U
∝
(√
4Λ2 − 9
4
m2
)−1
.
This quantity remains finite in the m→ 0 limit (notice that ∂A/∂V diverges
instead). The computation of ∂U/∂A, the quantity we are interested in, is
slightly more delicate with respect to the SU(2) case, since the Coulomb
branch has now complex dimension two and the A cycle is a function of
both U and V . It is convenient to introduce the homology cycle B, which
satisfies the equation
∂B
∂U
=
∫
γ′
∂λ
∂U
,
∂B
∂V
=
∫
γ′
∂λ
∂V
,
where γ′ is a loop around the point x = m2 . We can take A and B as a basis
of “electric” cycles. From the above formulas it is clear that ∂A/∂U and
∂B/∂U are both finite in the massless limit, whereas ∂A/∂V and ∂B/∂V
are both proportional to ∼ 1m for small m. Considering now the equations
∂A
∂U
∂U
∂A
+
∂A
∂V
∂V
∂A
= 1;
∂B
∂U
∂U
∂A
+
∂B
∂V
∂V
∂A
= 0,
we can easily see that they cannot be satisfied if ∂U/∂A vanishes. This
guarantees that the Q0 condensate does not vanish. A similar computation
of condensates using the SW curve has been performed in [104, 252].
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Concluding remarks
Despite the existence of magnetic monopoles has been proposed more than
eighty years ago [253, 254], they have not found yet their place in our un-
derstanding of nature. These particles often appear in spontaneously broken
gauge theories and play a leading role in the dynamics of supersymmetric
gauge theories. In this thesis we have studied how the dynamics of mag-
netic monopoles induces confinement and chiral symmetry breaking, when
we perturb an infrared fixed point in N = 2 SQCD breaking softly extended
supersymmetry.
A proper understanding of a conformal field theory appearing as an in-
frared fixed-point is in many cases of physics of fundamental importance, as
it reveals the collective behavior of the underlying degrees of freedom, which
determines the long-distance physics of the system. Critical phenomena and
phase transitions are typical situations in which such a consideration plays
the central role. A closely related problem is that of quark confinement:
even though the UV behavior of the quark and gluon degrees of freedom is
well understood (asymptotic freedom), the collective behavior of color in the
infrared is still covered in mystery.
The idea that at a certain mass scale the system dynamically Abelian-
izes and produces Abelian monopoles of the dual U(1)2 theory, and that
its dynamical Higgsing induces confinement [3], is yet to be demonstrated.
An interesting alternative possibility is that the system does not completely
Abelianize, with non-Abelian monopoles of the gauge breaking SU(3) →
SU(2) × U(1) acting as the effective dual degrees of freedom. As the u
and d quarks are light, it is possible that the QCD vacuum is in an SU(2)
color-flavor locked phase, in which confinement and chiral symmetry break-
ing occur simultaneously, via the condensation of the non-Abelian monopoles
carrying u, d flavor charges [35]. This would alleviate the problem associ-
ated with the dynamical Abelianization: the problem of too-many Nambu-
Goldstone bosons and of the doubling of the meson spectrum.
At the same time, however, it introduces a new difficulty. In contrast
to what happens in the r-vacua of the softly broken N = 2 supersymmetric
QCD, it is likely that the interactions among non-Abelian monopoles associ-
ated with the above pattern of gauge symmetry breaking are asymptotically
free and become strong at low energies, as the sign flip of the beta function
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is rather difficult in non-supersymmetric QCD. It is possible that ultimately
one must accept the idea that the color magnetic degrees of freedom of QCD
are strongly coupled and that confinement and dynamical chiral symmetry
breaking are described in a way subtler than a straightforward dual super-
conductivity picture.
From this point of view the physics of singular points in N = 2 su-
persymmetric QCD with SU(N), USp(2N) and SO(N) gauge groups that
we have studied represent a class of models of considerable interest. These
SCFT’s occur at particular points of the vacuum moduli and/or for special
choices of the bare quark mass parameters. A straightforward interpretation
of the points of the highest criticality would involve monopoles and dyons in
an infinite-coupling regime, therefore making their physical interpretation a
highly nontrivial task [34].
Exploiting the recent progress in the understanding of N = 2 theories in
four dimensions, especially superconformal ones, we have been able to de-
rive a more tractable description of the low-energy physics at these singular
points. This was done extending the analysis for SU(N) SQCD of Gaiotto,
Seiberg and Tachikawa (GST) [46]. In the particular cases of USp(2N) the-
ory with four flavors, SO(2N+1) theory with one flavor and SO(2N) theory
with two flavors our description simplifies considerably providing a peaceful
local lagrangian description, from which one can then extract all the desired
information just analyzing the equations of motion. We recovered the con-
densation of magnetic monopoles (confinement), the pattern of dynamical
symmetry breaking and the multiplicity of vacua in the mass deformed the-
ory, finding perfect agreement with the semiclassical analysis and the study
of the SW curve presented in [23, 241].
The analysis of singular points in SU(N) SQCD is subtler because the
GST description in this case always involves a strongly interacting sector.
However, in the case Nf = 4 we can exploit the fact that the SCFTs entering
in our dual description arise as infrared fixed points of lagrangian theories.
As long as we are interested in determining the pattern of flavor symme-
try breaking and the multiplicity of vacua we can indeed focus on these
lagrangian theories and work out the desired information applying standard
techniques. Our findings are in perfect agreement with [23] and with the
results of chapter 3.
As a byproduct we find an unconventional mechanism of confinement,
in which confining strings of abelian kind are accompanied by non-abelian
monopoles. This peculiar scenario, which is roughly speaking half-way be-
tween the abelian and non-abelian superconductor pictures, allows to bypass
the usual problems mentioned above.
For generic number of flavors the problem becomes considerably more
involved, since our description now includes nonlagrangian superconformal
sectors which have no known realization as infrared fixed points of more stan-
dard theories. The analysis of these cases is still beyond the tools developed
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here and it is quite unlikely that a local description can ever be found in this
case. However, the understanding of confinement and dynamical symmetry
breaking in supersymmetric models requires only the evaluation of chiral
condensates, which do not require a detailed knowledge of the dynamics.
Presumably in the near future new techniques will be developed, allowing to
complete the present analysis.
The most serious problem in extending this kind of analysis to models
with less supersymmetry is the absence of two scales: what makes it possible
to understand confinement and chiral symmetry breaking in softly broken
N = 2 theories is the fact that the scale at which these two phenomena occur
is much smaller than ΛN=2, the scale at which our low-energy description
breaks down. This allows to address such questions with standard field
theory techniques in the framework of the infrared effective theory. In YM
or N = 1 SYM theory this structure is not present, making the problem
considerably more difficult. Indeed, we can flow to N = 1 SYM starting
from the N = 2 theory just decoupling the chiral multiplet in the adjoint
representation. However, the scale of validity of the SW effective action goes
to zero in the decoupling limit, signalling that the knowledge of the IR of
N = 2 SYM is not enough.
In the analysis presented in chapter 5 we found several examples of so-
lutions to the F-term equations of the low-energy effective lagrangian which
are not compatible with the pattern of flavor symmetry breaking predicted
semiclassically. However, they all involve VEVs for the scalar field in the
N = 2 vectormultiplet which are of order Λ. Indeed, they are solutions of
our effective theory but have nothing to do with the SQCD models we want
to study: as we have seen they must be discarded and this is confirmed
by the couting of supersymmetric vacua. A situation of this kind would be
unavoidable in a theory with a single scale, raising the question whether an
effective low-energy description can be useful to address these problems in
QCD.
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